Applications of
Derivatives

( Fastracl« Revision )

» Rate of Change

> %: rate of change of y w.rt. x

dy
dx |,

dy dy dx
> Wh | e e e

enxandyarevaryngwrttthendx g
dx dy

— 20, so —= rate of change of w.rt. x
dt dx . o

_rateofchangeof y w.rt. ¢
rateof changeof x w.rt. ¢t

> IF C(x)represents the cost Function for x units produced,

then marginal cost s given by
Mc =L (c(x)
dax

> If R(x) represents the revenue Functlon for x units sold,

then marginal revenue Is glven by
MR = (R (x))
dx
» Decreasing and Increasing Functions
> A real valued Function f(x), Is called:
(1) increasing in open interval (a, b), If For all
x, % &(a,b):x <x2 = fn)sf(x)

(I strictly Increasing in open interval (a,b), if for all

Xy, %, e(a, b): x; <x; = f(x) < f(x;)
(li) decreasing In open interval (g, b) if for all
X% ela,b)x <x, = f(x)2f(x;)

(lv) strictly decreasing In open interval (a,b) if for all

Xy, X, a@la, b): x, <%, = f(%) > f(x;)

(v) monotonically if f(x) is either Increasing or

decreasing In the interval (a, b).

> A real valued Functlon f(x) is called increasing or
decreasing in closed interval [a, b]if f(x)Is increasing or
decreasing in open interval (a,b) and increasing or

decreasing at xmaand x = b.

> Let a real differentlable Function f(x)is defined In apen

interval(a, b).

(1) If For each x e(a,b), f'(x)20, then f(x) Is increasing

in the interval(a,b).

(i) IF For each x a(a,b), f'(x)>0, then f(x) Is strictly

increasing in the interval (a, b).

(i) If for each x a(a,b) F'(x) <0, then f(x)Is decreasing In

the interval (a,b).

(iv) IF For each x a(a,b), f'(x)<0, then f(x) Is strictly

decreasing in the interval (a, b).

> [——:‘ denotesthe rate of change of y w.r.t.xat x = xg.
s

if

» Maxima and Minima

> Absolute Maximum Value of a Functlon: A function
f(x) is sald to have the greatest value or absolute
maximum value at point ‘¢’ in its domain, if f(x) < f(c) For
all x In the domaln of f(x). In this case, ‘¢’ Is called the
point of maxima.

> Absolute Minimum Value of a Function: A function f(x)
Is sald to have the smallest value or absolute minimum
value at a point 'c in its domain, if f(x)2 f(c) For all xIn
the domain of f(x). In this case, 'c Is called the point of
minima.

» Local Maximum Value of a Function: Let ‘¢ Is a point of
local maximum of a function f(x) if there exists an h>0
such that f(x) < f(c) for all c = h, c + h. In this case, f(c)Is
called a local maximum value of f(x).

> Local Minimum Value of a Function: Let 'c Is a point of
local minimum of a fFunction f(x) if there exists an h>0
such that f(x)> f(c) For all c - h, c + h. In this case, f(c)Is
called a local minimum value of f(x).

» Stationary Points (Turning Points or Critical Points):
The points at which f'(c)=0 are known as stationary
points or turning points or critical points.

> InFlection Point: If f'(x) does not change sign as x
increases through ¢, then xis neither a point of maximum
nor a point of minimum, then x =c Is called a point of
inflection.

» First Derlvative Test: Let f(x) be a differentlable
function on an interval /and c /. Then,

(1) Polnt clis a local maximum of f(x), if
@) f'(c)=0
(b) f'(x)>0,ifxe(c-h,c)and f'(x) <0,if x e(c,c+h),
where his a small but positive quantity.

(i) Point cis a local minimum of f(x), if
@ f(c)=0
(b) f'(x)<0,ifxe(c-h,c)and f'(x)>0,if x e(c,c+h),

where his a small but positive quantity.

(ili) IF f'(c)=0 but f'(x) does not changes sign in
(c-h,c+h) for any positive quantity, then x =c Is
neithera point of minimum nor a point of maximum.

> Second Derlvative Test: Let f be a Function defined on

a interval / and c al. Let f be twice differentiable at c.

Then,

(i) x=c is a polnt of local maximum if f'(c)=0 and
f"'(c) <0.The value of f(c)is local maximum value of £

(i) x=c Is a point of local minimum if f'(c)=0 and
[''(¢) >0.The value of f(c)is local minimumvalue of £

(il) The test fails if f'(c)=0and f*'(c) =0. In this case, we
go back to the first derivative test and find whether ¢
is a point of maxima, minima or a point of inflection.
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& Practice Exercise

f@ Multiple choice Questions

Q1

Q2.

Qa.

Q4.

Q b

Q6.

Q7.

Q8.

A sphericaliron ball 10 cm in radius is coated with
a layer of ice of uniform thickness that melts at a
rate of 50 cm® /min. When the thickness of ice is
15 cm, then the rate at which the thickness of ice
decreases, is:

cm/min

5 1
a. o cm/min b. o

C. o cm/min d. L cm/min
1Br Jen

The rate of change of the surface area of a sphere
of radius r, when the radius is increasing at the
rate of 2 cm/s is proportional to:

al b. lz &r d r?
r r
The sides of an equilateral triangle are increasing

at the rate of 2 cm/s. The rate at which the area
increases, when the side is 20 cm, is:

a.\Bcm?/s b. 20cm?/s
20

. 203 cm?/s d. == cm?/s
V3 5

If the volume of a sphere is increasing at a
constant rate, then the rate at which its radius is
increasing, is:

a. a constant

b. proportional to the radius

c. Inversely proportional to the radius

d. inversely proportional to the surface area

A ladder 10 m long rests against a vertical wall
with the lower end on the horizontal ground. The
lower end of the ladder is pulled along the ground
away from the wall at the rate of 3 cm/s. The
height of the upper end while it is descending at
the rate of 4 cm/s, is:

a. 4/Am b.53m dB8m

c.6m

The value of b for which the function
f(x)=x+cosx + b is strictly decreasing over R,
is: (CBSESQP 2021 Term -1)
a.b<l b. No value of b exlsts
c.b<l d.b21

The real function f (x) =2x* =3x% =36x + 7s:
(CBSESQP 2021 Term -1)

a. strictly increasing In (-w,-2) and strictly
decreasing In (-2, »)

b. strictly decreasing in (-2, 3)

c. strictly decreasing in (-«,3) and
increasing In (3, )

d. strictly decreasing In (-, =2) U (3 =)

strictly

Find the intervals in which the function f given by
f(x)=x" =4x + 6is strictly increasing:

(CBSESQP 2021 Tarm -1)
b. (2, @)
d. (=, 2) U(2, »)

a. (-, 2) u(2 »)
C. (-, 2)

Qoa.

Q10.

Q.

Q12.

Q13.

Q14.

0 16.

Q16.

Q17.

Q1e.

Q19.

0 20.

Q21

The function f(x)= x> +3xis increasing in the
interval: (CBSE 2023)
a(-«0 b ({0«x) cR d. (0,7)

The function f(x)=2x>-15x2+36x+6 is
increasing in the interval: (CBSESQP 2021 Term-1)
a.(—no.2)u(3 ao) b. (—co.2)

C(-».2]u3 =) d.(3 =)

The function y =x’e™™ is decreasing in the

interval: (CBSE SQP 2021 Term -1)
a.(0.2) b. (2. o)
c. (-, 0) d. (- w,0)u(2 =)
f(x) eh'iis
e +1

a. an increasing function b. a decreasing function
c. an even function d. Nane of these

If f(x)=x>-6x*+9x+3 is a decreasing
function, then x lies in:

a. (-0 -1)N(3 =) b.(1.3)
C (3 ») d. None of these
The interval in  which the function

f(x)=2x3 +9x? +12x -1is decreasing, is:

(CBSE 2023)
a.(-1w) b.(-2,-1)
€. (~0,-2) d.(-1.7)
. Asinx +6cosx , | i
Function f(x) = ——————— is increasing, if:
2sinx + 3cosx
a. A>1 b; ael CA<4h d A>4

The function f(x)=x>+6x%+(9+2k)x+1is
strictly increasing for all x, if:

b k23 i
2

cles  d ka2
2

2
The function f(x)=x’ = 2x is strictly decreasing

in the interval:
a.(-m7)

a.l‘<>i
2

b. 1, =)

CR d. None of these

The function f(x)=log (1 + x) - 22: is increasing
X

on:

a. (-1 ) b. (- . 0)

C. (- o0, ) d. None of these

Forwhat value ofa, f(x) =~ x* +4dax? +2x =5is

decreasing for all x?
a.t5 b. 3

c.0 d. No value of @

The function f(x)=2log(x-2)- xX4ax+1
increases on the interval:

& (L2 b. (23) c(1.3) d. (2. 4)

On which of the following intervals is the function

f given by f(x)=x 4sinx-1 strictly
decreasing?
a (0.1 b [ &

@) [2 ]

(i3 (D, %J d. Nane of these

b e e e e e e e e e e e e e e e —— e — — — —
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Q22

Q23.

Q 24.

Q 25.

Q 26.

Q 27.

Q 28.

Q 29.

Q 30.

The maximum value of [x (x-1) + 1]¥3,0<x <1
is: (CBSESQP 2021 Term-1)

1

1
.0 b. = S d 3=
a C 3

2
The area of a trapezium is defined by function
fand given by f(x) = (10+ x)v100-x2, then the

area when it is maximised is:
(CBSESQP 2021 Term -1)

a. 75 cm? b. 743 an?
c. 7543 cm? d. 5cm?
1 X
The maximum value of(-—] is:
X
(CBSESQP 2021 Term -1)
e
a. g¥e b. e C. (—) d e°
e

The least value of the function f(x)=2cosx + xin

the closed interval O,E is:

(CBSESQP 2021 Term-1)
d
b.

+43

C:

Nlaoha N

d. the least value does not exlst

In a sphere of radius r, a right circular cone of
height h having maximum curved surface area is
inscribed. The expression for the square of curved
surface of cone is: (CBSESQP 2021 Term -1)

a.2n’rh (2rh + h?) b. n?hr (2rh + h?)
. 2#r 2% -h") d. 2r%r? (2rh - h?)
The absolute maximum value of the function

f(x)=4x - % x? in the interval [— 2,;] is:

a. B b. 9 c. 6 d. 10

A function f:R >R is defined as f(x)=x3 + 1.
Then, the function has: (CBSESQP 2021 Term -1)
a. no minimum value

b. no maximum value

c. Both maximum and minlmum values

d. Nelther maximum value nor minimum value

It is given that at x=1, the function
x* - 62x? + ax + 9 attains its maximum value on
the interval [0, 2]. Find the value of a.

a. 100 b. 120

c. 140 d. 160

The function f(x)=x + L. has:
X

a. localmaximaat x =2and local minima at x = -2

b. local minima at x =2 andlocal maximaat x = -2

c. absolute maxima at x =2 and absolute minima
At xX=-2

d. absolute minima at x =2 and absolute maxima
aAtx=-2

Q3

Q32

Q3s3.

03a4.

Q 35.

Q as.

Qa7.

Q ase.

Q9.

Q 40.

Q 4.

Amongst all pairs of positive numbers with
product 256, find those whose sum is the least.
a. 16,14 b. 16,16 c 64.4 d. 32.8

sin” O cos? 0 attains a maximum, when 0 =

a. tan™ \[E b. tan™! [-E]
q q

c. tan™g d. tan™ [3]
p

1

If f(x)= g, then its maximum value is:
4x" +2x +1

a.3/4 b.8/3
c.4/3 d.3/8

The maximum value of the function y = x(x - 1)?
is:

4
Al b.=—
) 27
C. =4 d. Nane of these
The minimum value of —*— is:
log x
a.e b.1/e
c1 d. None of these

If f(x)=2x>-21x? +36x =30, then which one
of the following is correct?

a. f(x) has minimum at x =1

b. f(x) has maximum at x =6

c. f(x) has maximum at x =1

d. f(x) has no maximum or minimum

A missile is fired from the ground level rises
x metre vertically upwards in t second, where

x =100t —%tz. The maximum height reached

is:
a.200m b.125 m
If the function f(x)=x’e”
maximum value of f(x)is:

1 1

a. — bl &
e ‘2e e?

c.160m d. 190 m
Z". x >0, then the

4
d.
i

If the two positive numbers x and y such that
x +y=60and xsy is maximum, then:

a.x=18y =45 b.x=45y=15
c.x=30,y=30 dx=20y=40

Let f(x)=cosmx+10x +3x2 + x> xe&[=2,3)
Then, the absolute minimum value of f(x)is:
a.0 b.-15

c.3-2n d. Nane of these

Two towns A and B are 60 km apart. A school is to
be built to serve 150 students in town A and
50 students in town B. If the total distance to be
travelled by 200 students is to be as small as

possible, then the school be built at:
a.town B b. 45 km from town A
c.town A d. 45 km from town B

b e e e e e e e e e e e e e e e —— e — — — —
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Q 42.

The value of g, so that the sum of the squares of
the roots of the equation x? -@a-2)x-a+1=0
assume the least value, is:

a2 b.0 &3 d1

-§) Assertion & Reason Type Questions

Directions (Q. Nos. 43-53): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 chaices (a), (b), (c) and (d) out of which only one is
carrect. The choices are:

Q 43.

Q 44.

0 46b.

Q 46.

1::(6)
11. (d) 12. (a
21. (d)
31. (b) 32. (a
41. (c)
51. (c) 52. (a

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertion (A)

c. Assertlon (A) Is true but Reason (R) is false

d. Assertion (A) Is false but Reason (R) Is true

Assertion (A): Both sin x and cos x are decreasing
4 i L
functions in (E , rc].

Reason (R): If a differentiable function decreases
in (g, b), then its derivative also decreasesin (a, b).
Assertion (A): The function xZ(e* +e™™) is
increasing for all x > 0.

Reason (R): The function xZ%e* and x’e™ are
increasing for all x>0 and the sum of two
increasing functions in any interval (g, b) is an
increasing function in (a, b).

X

X -X

Assertion (A): If the function f(x) =aex+—be is
ce” +de™*

increasing function of x, then bc >ad.

Reason (R): A function f(x) is increasing if

f (x) > 0for all x.

Let f:R-—>R be differentiable and strictly

increasing function throughout its domain.

Assertion (A): If | f(x)|is also strictly increasing

function, then f(x) = 0has no real roots.

Reason (R): At w or —w, f(x) may approach to 0,

but cannot be equal to zero.

Q 47.

Q 48.

Q 49.

Q&0.

Q 61.

062,

063.

Answers

3. ()
13. (b)

) 4. (d)
)
22. ()  23.(c)
)
)
)

14. (b)
24. (a)
34. (b)
44. (c)

5. (c)
15. (d)
25. (c)
35. (a)
45. (d)

33. (¢
43. (c)
83. (d)

6. (b)
16. (a)
26. (c)
36. (c)
46. (a)

Assertion (A): Let f: R — Rbe a function such that

f(x)=x3+x2+3x+sinx. Then, f is an

increasing function.

Reason (R): If f (x) <0, then f(x) is a decreasing
function.

Assertion (A): f(x)=xe™ has maximum at x =1
Reason (R): f'(1)=0and f"(1) <0.

Assertion (A): The graph y = x * +ax? + bx +chas
extremum, ifa? <3b.

Reason (R): A function, y = f(x) has an extremum,

ifd—y>00rd—y<0forallx eR.
dx dx

Let f(x)be a polynomial function of degree 6 such
that — (f(x)= (x=1)* (x=3)%, then

Assertion (A): f(x) has a minimum at x =1.
Reason (R): When :—x(f(x)) <0, Vxe(@=h,a)

and ;—X (f(x))>0,V x € (a, a+h); where 'h" is an

infinitesimally small positive quantity, then f(x)
has a minimum at x=a, provided f(x) is
continuous at x =a. (CBSE SQP 2023-24)
Assertion (A): Let f(x)=5=4(x =2)3, then at
x =2, the function f(x)attains neither least value
nor greatest value.

Reason (R): x =2is the only critical point of f(x).
Assertion (A): The absolute maximum and
minimum values of f(x)=x*,/1+ xin [—1, -ﬂ are

% and 0 respectively.

Reason (R): Let f be a differentiable function on
I and x, be any interior point of /. If f attains its
absolute maximum or minimum value at x,, then
F (xg)= 0.

Assertion (A): The absolute maximum value of the
function 2x > = 24x in the interval [1, 3] is 89.
Reason (R): The absolute maximum value of the
function can be obtained from the value of the
function at critical points and at boundary points.

7. (b) 8. (b) 9. (o) 10. (¢)
17. (a) 18. (@  19.(d)  20. (b)
27.(@ 28.(d) 29.(b)  30. (b
37.(a) 38.() 39. ()  40.(b)
47. (b)  48.(a)  49. (a)  50. (a)
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‘I Case Stlldv Based Questions - b =k(£1;g)2 3

= “T6x16 16
So. option (d) Is carrect.

Case Study 1

The fuel cost per hour for running a train is 2
proportional to the square of the speed it generates in
km per hour. If the fuel cost ¥ 48 per hour at speed
16 knv/h and the fixed charges to run the train amount Diskance coverer =S kn
to ¥ 1200 per hour.

. Total cost of running train (let C)
=Fuel cost + Fixed charge = % v’t +1200t

= time = 200 hrs

Assume the speed of the train as v knvh. v
Total cost of running train 500 km

_3 3 (SDD] L1200 (SDD]
'IE v v
375 EUDDDD

g
= 4 U

So, option (b) is carrect.

3. We have,c =32, , 830000

U
Differentiate w.r.t. v, we get
dC 375 600000

dU 4 ]_12

For ecanomical speed of train,

Based on the above information, solve the following dC 375 600000

questions. (CBSESQP 2021 Term-1) T 0
Q1. Given that the fuel cost per hour is k times the , 600000x4
square of the speed the train generates in km/h, = L
the value of k is: o2 = 6400 km/h
16
3 3 16 So, option (c) Is correct.
Q 2. If the train has travelled a distance of 500 km, & Eiiel cost farthe balnits travel 00 KM
then the total cost of running the train is given by 57
function: g
, 15, 600000 375, 600000 B
16 = Y- =5 b. —4— ——-—U - Fuel cost for most economical speed = g 80
. 5,2, 150000 43, 5000 - 27500
16 u 16 Y So, option (c) Is correct.
Q 3. The most economical speed to run the train is: 5. Total cost of the train to travel 500 km
a.18 km/h b. 5 km/h 375 600000
c. B0 km/h d. 40 km/h B TR
Q A. The fuel cost for the train to travel 500 km at the . Total cost for most ecanomical speed
most economical speed is: 315 B0+ 600000
a.¥ 3750 b.2 750 4 80
c.€7500 d. 275000 =7500+ 7500 = 2 15000
Q 6. The total cost of the train to travel 500 km at the So. option (d) Is correct.
most economical speed is:
a.¥ 3750 b.2 75000 Case Stl.ld\] 2
c. #7500 d.# 15000 In a residential society comprising of 100 houses,
there were 00 children between the ages of
@ Solutions @ 10-15 years. They were inspired by their teachers to

start composting to ensure that biodegradable waste
1. Glven, fuel cost = 48/hour is recycled. For this purpose, instead of each child
and speed =16 km/hour. doing it for only his/her house, children convinced
According to question, the fuel cost per hour is k the Residents welfare association to do it as a society

E::;?s the square of the speed the train generates in initiative. For this, they identified a square area in the

'. TR local park. Local authorities charged amount of
i uel cost = spee

¥ 50 per square metre for space so that there is no

) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
: i po- c3 = > v =B0km/h :
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |
) |

-
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misuse of the space and Resident welfare association
takes it seriously. Association hired a labourer for
digging out 250 m? and he charged T 400 x (depth)>.

Association will like to have minimum cost.
- ,

v (S i A

Based on the given information, solve the following
(CBSE SQP 2021 Term-1)

questions.

Q1. Let side of square plot is x metre and its depth is
h metre, then cost c for the pit is:

a. 5h_D + 400 h2 b. ]Zim + 400 h2
c.5?+h2 d.z-i—o-+40[)h2

Q 2. Value of h (in m) for which % =0is:

a. 15 b. 2 c.25 d3
d’c

Q3. — is given by:
dh?

25000 500

c.gwtﬂﬂﬂ d.-5i30+2
h h

Q 4. Value of x (in m) for minimum cost is:
a. 5 b. m\E c. 56 d 10

Q 6. Total minimum cost of digging the pit (in ?) is:
a. 4100 b. 7500 c. 7850 d. 3220

Solutions .

1. Let each slde of square shaped pit be x metre and
depth as h metre.

As volume of earth taken out = 260 m?

= x-x-h=260m?
- e 0

Since, local authorities charged amount of
¥ 50 per square metre for space.

Cost of land = ¥ 50 xspace for land

=¥ 50 xx*
=¥ 50 x% =¥ 12?:.]0 [fromeq. (1))

Sa. total cost = cost of land + cost of labour

- c=12290 | 400 x(depth)?
= Cm 12?100 + 400 h? «(2)

So optlon (b) Is carrect.

2 Now.d—c=i{w+400 hz}
dh dh| h
12500
m—y 800 h -(3)
dc
— %1 iven
= —12800 . aep =0
hz
= BOOh? =12500 (- h+0)
3
125 (5
TR e S [
= 8 (2)
=5 h=25m

So, aption (c) is carrect.
3. Differentiate eq. (3) w.rt. h, we get

2
d _d {_12500 +HDUh}

a2 " dh | h?

=290 1 gD

So. aption () Is correct.
4. Now, value of x (In m) far minimum cost

= 1’-%-5’]—91 (fromeq. (1))
d*c

et —2' > U

‘: dh ath=25 :l

- ’@ [+h =2.5)
2.5

=+/100 =10
So, option (d) Is correct.

5. Total minimum cost of digging the pit (in )
= 12?100 + 400 h? (fromeq. (2))

=12900 . soaias)
25

(+h=25)

=5000 + 2500 = % 7500
So, aption (b) Is correct.

Case Study 3

Let /" be continuous on [a, b] and differentiable on the
open interval (a, b) then:
(a) fis strictly increasing in [a, b] if f(x) > O for
each x € (a, b).
(b) fis strictly decreasing in [a, b] if f"(x) < 0 for
ecach x e (a, b).
(c) fis a constant function in [a, b] if f'(x) = 0 for
each x € (a, b).
Based on the above information, solve the following
questions:

Q1. The function f(x) =cos(x) is strictly increasing in:
a(n2r)  b@r) G n] d.(0.2x)
Q 2. The function f(x)=3x+ 17 is strictly increasing

in:
a.R_ b.Ry R d.Zqg

b e e e e e e e e e e e e e e e —— e — — — —
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Q 3. The function f(x) =sin(x)is:
a. strictly increasing in (CI. %J

b. strictly decreasing in [D. %]

c. strictly Increasing in (12{ ﬁ]

d. Nane of the above

Q 4. The function f(x)=e* is strictly increasing on:
a.only Zg b. only Rg
CR d.only R_

Q 6. The function f(x) = log(sin(x))is strictly increasing

on:
b. (% n:]

d. None of these

4. Glven,

Solutions .
1. Given, f(x)=cos x
Then, f'(x)=-slnx
In interval (=, 2x),
filx)=0 [~ sinx <0)

Therefore, f(x)Is strictly Increasing on (m. 2n).
So, option (a) is carrect.
2. Given, f(x)=3x+17
Differentiate w.r.t. x, we get
f'(x)=3>0,in every interval of R.
Thus, the function Is strictly increasing on R.
So, optlon (c) Is correct.
3. Glven function Is f(x) =sin x.
Differentiate w.r.t. x, we get
f'(x) =cos x

Since. foreach x e (U. g] cos x > 0; therefore we have

f'(x)>0 [+ cos x s positive In first quadrant)

Hence, f Is strictly Increasing In (D. -;—)

5o, option (a) Is correct.

f(x)=e*

Differentiate w.r.t. x, we get

f'(x)=2e% >0in every Interval of R.

Thus, the functlon Is strictly Increasing on R.
So, option (c) Is correct.

5. Glven, f(x) = log sin x
Then, fr(x)= ] cosxmcatx
sin x
n
In Interval (D. E)
f'(x)>0

Therefore, f(x)Is strictly increasing on (Cl. 25]

So. option (a) is carrect.

Case Study 4
An architecture design an auditorium for a school for
its cultural activities. The floor of the auditorium is
rectangular in shape and has a fixed perimeter P.

Based on the above information, solve the following
questions:

Q1. Ifxand y represents the length and breadth of the
rectangular region, then relation between the

variable is:
a.x+y=P l:l.x2+yz=P2
c.2(x+y)=P d.x+2y=P

Q2. The area (A) of the rectangular region, as a

function of x, can be expressed as:
2

a.A:Px+§ b.A:M—
2 2
c.A=Pi‘§2i 6 A=% P

Q 3. School's manager is interested in maximising the
area of floor ‘A’ for this to be happen, the value of
x should be:

P P P
.P b.— - d—
) > ~3 5
Q4. The value of y, for which the area of floor is
maximum, is:
a. £ b.E C_E d,f_
2 3 4 16
0 6. Maximum area of floor is:
d. E b. a C. T . Z_E
Solutions °

1. Perimeter of floor = 2 (length + breadth)
= P=2(x+y)
So, option (c) Is correct.

2. Area, A= length xbreadth

= A=xy (1)
Since, P=2(x+y)
P-2x
3 y

Fromeq.(l), A=xy

P-2x

A=
= x[ . ]
2

»” el

2

So, aption (c) Is carrect.
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3. We have, A=%(Px—2x2) y:&x—%xz
= d—A=l(P—4X)=G Atx:z' ] s
dx 2 y=4x2-—(2)
For maximum ar minimum of A, 2
dA =B8-2=6
= —=0
dx 5 Case Study 6
= Pupe=ll = mey The shape of a toy is given as f(x)=8x" —4x? +3.

2
Clearly.at x=2, 94 - 2 <
4 dx

- L~
. Area s maximum at x =-§_ R0

O

So. option (d) is correct.
P-2x P P P p 43
4, WehaVE, V—T=i—z=z [-X=Z] @

So. option (c) is correct.

PP P? To make the toy beautiful 2 sticks which are
5. We have, A = xy = —.— = — (maximum area) : :
4 4 16 perpendicular to each other were placed at a point
So, option (a) is correct. (4, 5) above the toy.
Case Study 5 Based on the above information, solve the following

; ; : uestions:
The relation between the height of the plant (‘y’ in 4

cm) with respect to its exposure to the sunlight is Q1 Find the abscissa of the critical point of the

governed by the following equation y m4_1-_%x2, unction f(x).

0 2. Find the maximum value of the function.

where “x is the number of days exposed to the Q3. At which of the following intervals will fix) be
sunlight, forx < 3. decreasing?

Solutions °
- ( 1. For the critical point of f(x),f'(x) =0
\ = 9 @x* —4x?+3) =0
. dx
| = 32x?-Bx =0
= Bx(4x2-1) =0
p—— = x=0 or 4x2-1=0
5
Based on the above information, solve the following = x=0or oy
st 4 CBSESQP 2023-24,
R ( @ ) = x=0 or G
Q1. Find the rate of growth of the plant with respect to 2 1
the number of days exposed to the sunlight. Thus, abscissa of critlcal polnts are O and + =
Q 2. Does the.rate of growth of the plant |nt-:rease ar 2 Fr(x)=32x% =Bx
decrease in the first three days? What will be the > d 5 5
height of the plant after 2 days? £ (x) =a§=a(32x -Bx)=96x" -8
= 1
L Solutions o Atx=ts,
12 1 1)?
1. Glven equation Isy:qx—ix . fr if =96 :l:E -8
The rate of growth of the plant with respect to the 1
number of days exposed Is =96xZ—EI =Z4~B=16 50
EZ=[4_2_XJ=4_X Atxl'—"ll:l'
" dx 2 f'(0) =96(0)2 -8B =0-B=-8<0
2. é= A-X So, the function Is maximum at x = 0 and minimum at
. d X mk l
Atx=123; E%"D 2

Hence. the rate of growth of the plant Increase In first »- Maximum value of function Is
three days. f(0)=8(0)* -4(0)*+3=0-0+3=3

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7
®

b e e e e e e e e e e e e e e e —— e — — — —

Get More Learning Materials Here : m @& www.studentbro.in



Az f(x)=Bx* -4x?+3 2. Maximum profit is given by,
f'(x)=32x3 -8x P(125) = —5(125)% + 125(125) + 37500
BUfCRE, o) = e = _78125 +1562.5 + 37,500
ST it =%3828125
= Bx(4x*-1)=0 or
= Bx(2x-1)(2x+1)=0 3
g 1] P(2) = -5(2)% +125(2) + 37500
= Amb st =-20+250+37500=%37730
which divides real line Into four Intervals 3. Gliven, profit function P(x) = -=5x2 + 125x + 37500
[_m_ __1] (__1 U]. (CI. l) and (l m]_ Differentiate w.r.t. x, we get
2)\2 2 2

P*(x) =-10x +125x N _
\ + m * =-10(x-125) = 12.6 tm
0 1/2

12 Since, for each x e(—»,125)

Therefore, f(x)is decreasing In (-aa %1] and (O. %) P'(x)>0
Hence, P(x) Le. profit function is strictly increasing In

- (ﬁ'n ;_1) U[D‘ %] Case (Sq:uz\?ﬂ

e St .- .
Case Study Z ] In an elliptical sport field, the authority wants to
P(x)==5x" +125x +37500 is the total profit design a rectangular soccer field with the maximum
function of a company, where x is the production of possible area. The sport field is given by the graph of

the company.

Based on the above information, solve the following

questions:
Q 1. What will be the production when the profit is
maximum? Based on the above information, solve the following
Q 2. What will be the maximum profit? questions. (CBSESQP 2022-23)

Or Q1. If the length and the breadth of the rectangular
field are 2x and 2y respectively, then find the area

When the production is 2 units, what will be the .
function in terms of x.

profit of the company? ‘ - ) )
0 3. Find the interval in which the profit function is Q 2. Find the critical point of the function.
strictly increasing. 0 3. Use first derivative test to find the length 2x and
width 2y of the soccer field (in terms of a and b)
® Solutions ® that maximise its area.
1. Glven, P(x)=-5x?+125x + 37,500 d
P'(x)=-10x +125 Use Second Derivative Test to find the length 2x
P (x)=-10 and width 2y of the soccer field (in terms of a and b)
For maximum or minimum, we have that maximise its area.
P(x)=0 . Solutions '
P e 1 Gl lon of elliptical sport fleld |
B iz . Glven equatxozn of elliptical sport fleld Is
Clearly, P"(x) <O for x =125 52'*'52’:‘1 (1)

Thus, prafit is maximum when x =125
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3
X! | ——d— X
w-q—b( » /

Yl

Ole— T —p

Here. a=length of seml-major axis
and  b=length of semi-minor axis

From eg. (1),
2 2
%5 =1- gf = y’= EI {o*=x%")
= Y= E - (for first quadrant)
a

Let (x.y) = (x. %\-‘02 - xz) be the upper right vertex

of the rectangle.
.. The area function A = length xbreadth

=2Xx x2y=4x2’\/az—x2
-—X\Ja -x%,x e(0.0) .12)

. Now dlfferentlatlng eq. (2) w.r.t. x, we get

dx 02_;,(2 2

d—A=ﬂ[-\}02-x2+x>< i x]—}
a

I s P
R S S £

[rxwxa —705 l.e, can't be negative)

= X e
=
N7

So, X = 702- Is the critical point.

a a
For the values of x less than and close to —p,
v 2

f:'f—A>E]

dx

and for the values of x greater than

- and close to L
2 2

d—A<D

dx

Hence. by using the first derivative test. there is a
a

local maximum at the critical point x = —= Since,
P 7)

there Is only one critical paint. therefore the area of
the soccer field is maximum at this critical point

el
A2
Thus, for maximum area of the soccer field,

length of the soccer fleld =2x =2 xva_= a2

and width of the soccer fleld =2y = —-\/a — %

)
Zb a ——-=—2£)<—-ﬂ—-=b1/§.
a
Or
Frompart(l), A =£ﬂl—)~xdaz—x2. x €(0. a)

Squaring on both sides. we get

2
z—_-AZ:l%g—xz(az—xz) 16b* — (o' x*=x") xell.0)

Here, A Is maximum as z Is maximum.

Now, differentlate w.r.t. x, we get
dz 16b°

b:e
et . 2 5,2
5 (20°x -4x7) = = x (@%-2x7)
-322 . —2x)
dz
For maximum or minimum of z, . =0
x
32b x(a++2x) (a-+2x) =
X=
= 72'
-+ x can't be zero or negatlve, .. x 20, 2]
( g ﬁ]

Agaln differentlate w.r.t. x, we get

2 2
g—§-= 3—:—2’3 (0*-6x?)
X

Hence, by using secund derivative test, there Is a local
a
maximum value of zat the critical polnt x = —=. Since,
N7

there Is only one critical point, therefore z Is
maximum at x = —, hence Als maximum at x = —m.
2 2

Thus, for maximum area of the soccer fleld,
length of the soccer fleld = 2x = 2 xT= a2

and width of the soccer field = 2y = —bs}az i
a

_2b J2 o

a 2

=-2—'9-)( a :rbﬁ
a

b e e e e e e e e e e e e e e e —— e — — — —

Get More Learning Materials Here : &

@ www.studentbro.in



Case Study 9

The temperature of a person during an intestinal
illness is given by f(x)=-0Lc® +mx + 98.6,

0<x <12, m being a constant, where f(x) 1is the
temperature in °F at x days.

Based on the above information, solve the following

questions: (CBSE SQP 2022-23)

Q1 Is the function differentiable in the interval
(0, 12)? Justify your answer.

Q 2. If 6 is the critical point of the function, then find
the value of the constant m.

Q 3. Find the intervals in which the function is strictly
increasing/strictly decreasing.

Or

Find the points of local maximum/local minimum,
if any, in the interval (0, 12) as well as the points
of absolute maximum/absolute minimum in the
interval [0, 12]. Also, find the corresponding local
maximum/local minimum and the absolute
maximum/absolute minimum values of the
function.

@ Solutions ]

1. Glven, function f(x) = -01x? + mx + 986

Here, f(x) being a polynomial function. So, it Is
differentiable everywhere.

Hence, function f(x)Is differentiable In the Interval
(0.12).
2. Now, f'(x)=-02x+m
Since, x =6 s the critical paint of the function.
f(8)=0 = -02x6+m=0 = mMm=12
3. Glven, f(x)=-01x? + mx + 986, x a(0,12)
= f'(x)=-02x + M= -02x+12 ('m=12)
=-02 (x -6)

e " il

- 6 0

Intervals Sign of f'(x) Conclusion

(esiE) " f Is strictly

increasing in (0. 6)

(6.12) -

f Is strictly
decreasing in (6. 12)

visited his uncles’s flat with his
father. He observe that the
window of the house 1s in the

form of a rectangle surmounted

; 23 ; y
by a semicircular opening
having perimeter 10m as
shown in the figure. m -

Hence, f(x) Is strictly increasing In (0. 6) and strictly
decreasing in (6, 12) because x <(0.12].

Or
Given, f(x)=-01x%+mx +986, x €[0.12)
=  f(x)=-01x?+12x+986 (-m=12)

Differentiate both sides w.r.t. 'x', we get

f'(x)=-02x+12=02 (-x +6)

For maximum or minimum of f(x).

f'(x)=02(-x+6)=0

= x=8

Again differentiate both sides w.r.t. 'x’, we get
Fi(x)=-02

Atx=6, f*6)=-02<0

Hence, by second derivative test, f(x)Is maximum at

x =6.50, x =6 Is a palnt of local maximum in (0, 12).

Now, local maximum value = f(6)
=-01(6)2+12(6)+986
=-01x36+12 x6 +98.6
=-364+72+986=1022

At x =0, f(0)=-01x0+12 x0 + 9856
-986

At x =6, f(6)=1022

At x =12, F(12) = =01x(12)? +12 x12 + 986
=-14.4+14.4 + 986 =986

So, x=6 Is the point of absolute maximum and
x = 0, 12 are the points of absolute minimum In the
interval (O, 12).

Now, absolute maximum value = f(6) =102.2

and absolute minimum value = f(0)or f(12)=98.6.

Case Study 10

Rohan, a student of class XII,
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Based on the given information, solve the following Or

questions: Since. area 'A’ Is maximum at = g
Q1. If x and yrepresents the length and breadth of the oEfe
rectangular region, then find the area (A4) of the Now, y=5- X e x(l i3 ’_"J
window in terms of x. 2 4 2 4
Q 2. Rohan is interested in maximising the area of the =5-x (2 Z n] =5- [425]“} (2 : K]
whole window, for this to happen, find the value
dfx =E_5(2+n)=20+5rr—10—5.1
- . . 441 44+ x
Q 3. Find the maximum area of the window. 10
or N 44w rn
For maximum value of A, find the breadth of
rectangular part of the window. Case Study 11
An open water tank of aluminium sheet of negligible
@ Solutions ° thickness, with a square base and vertical sides, is to
be constructed in a farm for irrigation. It should hold
1. Given, perimeter of window =10m 32000 L of water, that comes out from a tube well.
X +y+y+ circumference of semi-circle = 10 T Y '

= X +2y + rr%:'lﬂ (1)

So, area of window (A) = Area of rectangle
+ Area of seml-circle

1 2
A= —n| =
= xy+2n[ ]

4) 24
X X
F L) e B e
[ romeq. (1), v . 4] : |
x? wx? ax? x? wx? 2% R i
2 4 8 2 8 = : _ -
& Based on the above information, solve the following
2. We have, A=5x "S> 8 questions:
Q1. Ifthe length, width and height of the open tank be
RIffErEOEatE v.OER, W gitx X, x and y m respectively, then find the outer
T B-x ) surface area of tank in terms of x.
For riaxirnum or rinimann of A 0 2. Show that the cost of material will be least when
dA 5 width of tank is equal to twice of its depth.
dx B Bk = Q 3. If cost of aluminium sheet is 2 360/m2, then find
20 the minimum cost for the construction of tank.
= x(4+n)=20 = x=
44m Sol
. ° olutions °
Clearly, ﬂ—'g <0atx= 420
X ZD+ T 1. Since, volume of tank should be 32000 L.
Hence. required value of x Is o . x%ym3=32000L=32m? [:1litre=0.001 m3)
5 Abxe-2o So, x%y =32 ()
) +T [
2 2
20 20 1 nf 20
A=5 -] =-Z
(44—11:) (4+n]2 5[4”) ym
_ 100 __200 _ 50w l
4+n (4+41n) (4+n)? 6‘/
_(4+7)(100) - 200 - 50r < = i
(4 + x)*
400 +100r — 200 - 50r Since, the tank Is open from the top, therefore the
= G surface area
19

alXx x X+ 2(x X
_200+50n 50(4+r) 50 =[[x2x+2(2>(<y})l]+y)]

STGenr  (enP Grn

=(x? + 4xy)m?

I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
: =X =t — =BX - — :
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
I |
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Let S be the outer surface area of tank
Then, S=x?+4xy

= S(x)=x2+4x-1§-=X2+EE-[‘-'X2V=32] (2)
X X

2. Differentiate eq. (2) wr.t. x on both sides, we get

dx x?
2
and %:2 + @
X
; ; ds
For maximum or minimum values of 5, put —= 0
X
128
2X=—
e
= x? =64
= x=4m
2
Mewad, 255,256
dx? 43
=2+4=6>0

o Sls minimum when x = 4

Now as x?y =32, thereforey =2

Thus. X=2y

Since, surface area Is minimum when x =2y,
therefore cost of material will be least when x =2y.
Thus, cost of material will be least when width Is
equal to twice ofits depth. Hence proved.

3. Since, minimum surface area
=x2+4)(y=42+4 x4 x2 = 48 m?
and cost perm? =% 360
Minimum cost = % (48 x360) =¥ 17280

Case Study 12

Sooraj’s father wants to construct a rectangular
garden using a brick wall on one side of the garden
and wire fencing for the other three sides as shown in
the figure. He has 200 metres of fencing wire.

Vi N A o
J ,:é':t }: ’ “,"i' 4 |“
s - |

Based on the above information, solve the following

questions: (CBSE 2023)

Q1. Let ‘x’ metre denotes the length of the side of the
garden perpendicular to the brick wall and 'y’
metre denotes the length of the side parallel to
the brick wall. Determine the relation
representing the total length of fencing wire and
also write A(x), the area of the garden.

Q 2. Determine the maximum value of A(x).

Solutions ®

1. Given, x and y are the length and breadth of the
rectangular garden and length of wire is 200 m.
The relation representing the given problem is

2x+y =200
Now, area of the garden, A(x) = xy
= x(200-2x)
=(200x -2x?) m?

2. - A(x)=200x-2x?

Differentiate w.rt. x. we get

A'(x)=200-4x
For maxima and minima, put A’(x)=0

200-4x=0 = x=50

Now, A"(x)=-4 <0V x,s0Alsmaxdmum at x =50.
Hence, maximum value of A(x)Is

A(50) = 200 x50 - 2(50)*

=10000-5000 = 5000 m?

-§) Very Short Answer Tupe Questions

Q1. A balloon which always remains spherical, has a
variable radius. Find the rate at which its volume
is increasing with radius when the later is 10 cm.

(NCERT EXERCISE)

0 2. The total revenue in rupees received from the
scale of x units of a product is given by
R(x)=3x? + 36x + 5. Find the marginal revenue,
when x =5, where by marginal revenue, we mean
the rate of change of total revenue with respect to
the number of items sold at an instant.

(NCERT EXERCISE)

0 3. A stone is dropped into a quiet lake and waves
move in circles at a speed of 4 cm per second. At
the instant, when the radius of the circular wave is
10 cm, how fast is the enclosed area increasing?

(NCERT EXERCISE)

0 4. An edge of a variable cube is increasing at the rate
of 3 cm/sec. How fast is the volume of cube is
increasing when the edge is 10 cm long?

(NCERT EXERCISE)

Q6. Let / be an interval disjoint from (-1, 1). Prove

that the function f given by f(x)=x+—is
x

increasing on /. (NCERT EXERCISE)
Q 6. The total cost C(x)associated with the production
of x unit of an item is given by
C(x)=0.005x> =0.02x 2 + 30x + 5000.

Find the marginal cost when 3 units are produced,
where by marginal cost we mean the
instantaneous rate of change of total cost at any
level of output. (NCERT EXERCISE; CBSE 2018)

Q7. Show that the function f(x) = x> =3x% + 6x =100
is increasing on R. (NCERT EXERCISE, CBSE 2017)
0 8. Show that the function f(x)=4x>* -18x? +27x-7
is always increasing on R. (CBSE2017)
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" Short Answer Type-I1 Questions

Q1.

02

Q3.

04.

Q6.

Q6.

Q7.

Q8.

Qo.

Q10.

Q1.

012

For the curve y =5x —2x>, if x increases at the
rate of 2 units/sec, then find the rate of change of

the slope of the curve when x =3.
(NCERT EXEMPLAR, CBSE2017)

The length x, of a rectangle is decreasing at the
rate of 5 cm/min and the width y, is increasing at
the rate of 4 cm/min. When x =8cm and y = 6cm,
find the rate of change of the area of the
rectangle. (CBSE2017)
Find the point on the curve y 2 = 8x for which the
abscissa and ordinate change at the same rate.

(CBSE 2023)
The radius r of a right circular cylinder is
increasing uniformly at the rate of 0.3 cm/s and its
height h is decreasing at the rate of 0.4 cm/s.
When r=35 cm and h=7 cm, find the rate of
change of the curved surface area of the cylinder.

Use nt =—_’_-] (CBSE2017)

The radius r of the base of a right circular cone is
decreasing at the rate of 2 cm/min and its height h
is increasing at the rate of 3 cm/min. When
r=3.5cm and h = 6 cm, find the rate of change of

the volume of the cone.[Use = ?] (CBSE2017)

A man 1.6 m tall walks at the rate of 0.3 m/sec
away from a street light that is 4 m above the
ground. At what rate is the tip of his shadow

moving? At what rate is his shadow lengthening?
(CBSE SQP 2022-23)

The volume of a cube is increasing at the rate of
9cm?/s. How fast is its surface area increasing

when the length of an edge is 10 cm?
(NCERT EXERCISE, CBSE 2017)

Find the interval in which the function
f(x)=2x3 =3x is strictly increasing. (cBSE 2023)
Find the interval(s) in which the function f:R - R
defined by f(x)= xe”, is increasing.

(CBSE SQP 2023-24)

Determine for which values of x, the function
3

y= #¥ = 4% is increasing and for which values, it

is decreasing. (NCERT EXEMPLAR)
Show that the function f(x) = sin x is:

(i) strictly increasing in(O, %)
(ii) strictly decreasing in(% . n}

(i) neither increasing nor decreasing in (0, 7).
(NCERT EXERCISE)

Check whether the function f:R — R defined by
f(x)=x3+x, has any critical point(s) or not.
If yes, then find the points. (CBSE SQP 2023-24)

Q13.

Q14.

Q15.

Find the maximum and minimum values of the

function given by f(x)=5+sin2x. (CBSE2023)
1 :
If f(x)=—————— xR, then find the
4x2 +2x+1

maximum value of f(x). (CBSESQP 2022-23)

Find the maximum profit that a company can
make, if the profit function is given by
P(x)=72+42x -x?2, where x is the number of

units and P is the profit in rupees.
(CBSE SQP 2022-23)

@ Short Answer Type-ii Questions

Q1

Q2

Q3.

Q4.

Q6.

Q6.

Q7.

ge.

Qo.

Q10.

If the area of any circle is increasing at a uniform
rate, then prove that the increase rate of its
perimeter is inversely proportional to radius.
(NCERT EXEMPLAR)
A man of height 2 m walks at a uniform speed of
5 km/h away from a lamp post which is 6 m high.
Find the rate at which the length of his shadow
increases. (NCERT EXERCISE)

Water is dripping out from a conical funnel of
semi-vertical angle E at the uniform rate of

2cm z/:‘.ec in the surface area, through a tiny hole
atthe vertex of the bottom. When the slant height
of the cone is 4 cm, find the rate of decrease of the
slant height of water. (NCERT EXEMPLAR)

Show that the function f(x) =tan x —4x is strictly

decreasing in the intewal(—%,%].

(NCERT EXEMPLAR)
Find the intervals in which the function
4

_l'(.w):J"T—x5 =5x? +24x + 12is:

(i) strictly increasing, (ii) strictly decreasing.
(CBSE2018)

Find the in which the function

f(x)=sin3x, xe[ﬂ,g} is increasing or

intervals

decreasing. (NCERT EXERCISE)

Find two parts of 100 such that the sum of twice of
one part and the square of other part is minimum.

Find two positive numbers whose sum is 15 and

the sum of whose squares is minimum.
(NCERT EXERCISE)

Show that the function [x ? log i] is maximum at
X

1

X=—,

e
Show that the value of the function x* is

2 1
minimumat x =—. (NCERT EXEMPLAR)

e
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QM.

Find the maximum value of

log x
9 ,where 0 < x <.
x

(NCERT EXERCISE)

Q12. Prove that the value of sinx (1+cosx) is

Q1a.

maximum at x =% . Also find its maximum value.

Prove that the maximum value of (sin x + cos x)is
2. (NCERT EXEMPLAR)

Q14. Find the local maximum and local minimum

Q15.

function
(NCERT EXERCISE)

values of the
f(x)=3x* + 4x3 -12x? + 12.
If the value of y =alogx + bx* + x is maximum
or minimum at x =- 1land x =2, find the values of
aandb.

" Lung Answer Type Questions

Q1

Q2

Q3.

0 4.

Q5.

Q6.

Q7.

Q8.

Qo.

Q10.

The median of an equilateral triangle is increasing
at the rate of 2+/3 cm/s. Find the rate at which its
side is increasing. (CBSE 2023)

A water tank has the slope of an inverted right
circular cone with its axis vertical and vertex

lower most. Its semi-vertical angle is tan"‘%\

Water is poured into it at a constant rate of
5 cubic metre per minute. Find the rate at which
the level of the water is rising at the instant when
the depth of water in the tank is 4 m.

(NCERT EXERCISE)
A ladder 13 m long is leaning against a wall. The
bottom of the ladder is pulled along the ground,
away from the wall, at the rate of 1.5 m/sec. How
fast is the angle between ladder and ground is
changing when the foot of the ladder is 12 m away

from the wall? (NCERT EXEMPLAR)
Find the intervals in which the function
f(x)=(x=1)* (x=2)? is strictly increasing or
strictly decreasing. (NCERT EXEMPLAR)
Find the intervals in which the function

f(x)=sinx + cos x, 0 < x < 2xis strictly increasing
or strictly decreasing. (NCERT EXERCISE)
The sum of two numbers is given. Prove that their
product will be maximum, if each one is half of
their sum. (NCERT EXERCISE)
Sum of two numbers is 5. If the sum of the cubes of
these numbers is least, then find the sum of the
squares of these numbers. (CBSE 2023)
If 2x + y =1, then find the maximum value of the
function x 2y.

If x + y =10, then find the maximum value of the
function xy 2,

Find the point on the curve y? =4x which is
nearest to the point (2, 1). (CBSE 2020)

on

Q12.

Q13.

Q14.

Q 15.

Q16.

Q17.

Q1e.

Q19.

Q 20.

Q 2.

. An Apache helicopter of enemy is flying along the
curve given by y=x? + 7. A soldier, place at
(3, 7), wants to shoot down the helicopter when it
is nearest to him. Find the nearest distance.

(NCERT EXERCISE)
Show that the surface area of a closed cuboid with
square base and given volume is minimum, when
it is a cube. (CBSE2017)
Show that the right circular cylinder of given
surface and maximum volume is such that its
height is equal to the diameter of the base.

(NCERT EXERCISE)
Prove that the radius of the right circular cylinder
of greatest curved surface area inscribed in a
given cone is half of that of the cone.

(NCERT EXERCISE)
Prove that the least canvas is required to make a
conical tent of given volume, if its height is
/2 times the radius of the base.

Or

Show that a conical tent of given volume required
Least canvas if the ratio of its height and radius of
base is /2 : 1. (NCERT EXERCISE)

ABis the diameter of a circle and C is any point on
the circle. Show that the area of triangle ABC is
maximum, when it is an isosceles triangle.
(NCERT EXEMPLAR, CBSE 2017)
A metal box with a square base and vertical sides
is to contain 1024 cm . The material for the top
and bottom costs 5 per cm 2 and the material for
the sides costs € 2.50 per cm Z_ Find the least cost
of the box. (NCERT EXEMPLAR, CBSE 2017)
Show that the semi-vertical angle of cone of the
maximum volume and of given slant height is
tan~! /2. (NCERT EXERCISE)

If the sum of lengths of the hypotenuse and a side
of a right angled triangle is given, show that the
area of the triangle is maximum, when the angle

. I
between them s g (NCERTEXEMPLAR, CBSE2017)

Show that the altitude of the right circular cone of
maximum volume that can be inscribed in a

sphere of radius r is % Also find the maximum

volume of cone. (CBSE2019)

Or

Prove that the ratio of the height of a cone of
maximum volume inscribed in a given sphere to
the radius of sphere is 4: 3. (NCERT EXERCISE)
A wire of length 34 m is to be cut into two pieces.
One of the pieces is to be made into a square and
the other into a rectangle whose length is twice
its breadth. What should be the lengths of the two
pieces, so that the combined area of the square
and the rectangle is minimum? (CBSE2017)
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Q 22. Awindow is in the form of a rectangle surmounted
by a semi-circular opening. The total perimeter of
the window is 10 m. Find the dimensions of the
window to admit maximum light through the
whole opening. (NCERT EXERCISE, CBSE2017)

Q23. A tank with rectangular base and rectangular
sides, open at the top is to be constructed so that
its depth is 2 m and volume is 8 m 5. If building of

Very Short Answer Type Questions

1. Letrbe the radius andV be the volume of the balloon.
Then, V= i o

G-TiP:

T Adequate practice is required in problems involving

rate of change of bodies.

%%%RKB!J:QHFE

dV] 5
— =4T{ X]U
[df rald

= 400 r cublc cm/cm
Therefore, rate of change of volume of balloon with
respect to radius Is 400 s cublc cm/cm when radlus s
10 cm.

2. Given that, total revenue R(x) =3x? + 36x + &

TR!CK

Marginal revenue is the rate of change of total revenue
with respect to the number of units sold.

=

.. Marginal revenue (MR) = Z—R =6x + 36
X

When x =5, then
MR =6(5)+36 =30+36=66

Hence, the required revenue Is ¥ 66 per unit.

8. The area A of a circle with radius r s glven by A = nr?.

Therefare, the rate of change of area A with respect

totimetls

dt dt dr dt dt

(by chalnrule)

It Is given that, %: 4 cm/s

Therefore, when r =10 cm, Z—?- =2r(10)(4) =80~

Thus, the enclosed area Is increasing at the rate of
BOn cm?/s, whenr =10 cm.

4, Let at any time t, the edge of cube be x and volume
be V.

Then, Vax?

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

G-TiP

Marginol cost is the rate of change of tatal cost with
respect to output.

tank costs ¥ 70 per square metre for the base and
3 45 per square metre for the sides, what is the

cost of least expensive tank?
(NCERT EXERCISE; CBSE 2019)

Q 24. Show that the semi-vertical angle of right circular

cone of given surface area and maximum volume

issin”! -% (NCERT EXERCISE)

Glven, d_x =3 cm/sec

dt
Now, V=x3
i Y 302 %X 342 3 -9x2

dt dt
= |:-d—v—] =9 x10?

dt Jx-1

=9 %100 =900 cublc cm/sec
Therefare, volume of cube Is Increasing at the rate of

900 cublc cm/sec when edge Is 10 cm.
1

. Glven, f(x)=x+—
X
2
f'(x)=]—-;]2-=x—x2-—1
Now, xel = xe(-1,)
= x<=1or x21= x*21
= x? =120
= %2-—120 (-x%221>0)
= f(x)20
So, foreach x el f'(x) 20
Hence, f(x)Is Increasing on|. Hence proved.
. Glven that,

Total cost. C(x)=0005x? -002x% +30x + 5000

. Marginal cost = 3—5- =0005(3x%) -002 (2x) + 30

At x = 3units,
MC = 0005 {3(3)2} -002 (2 x3)+30
= 0005 x27 -002 x6 + 30

=0135 -012 + 30 =30135 - 012 = €30015

7. Glven, function f(x) = x* =3x? + 6x =100

Now, fr(x)=3x*-6x+6
= Fr(x)=3(x%-2x+2)
= Fr(x)=3((x =1)%+1}
fr(x)>0forallx eR
So.f(x)Is increasing onR. Hence proved.
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8. Glven, function f(x) = 4x® -18x% + 27x -7

Now. f'(x)=12x% - 36x + 27
= f'(x)=3(4x? -12x +9)
= fr(x)=3(2x -3)?

f'(x)20farall x eR

So.f(x)is always increasing on R. Hence proved.

Short Answer Type-l Questions

G- TiP

S—
]’ %‘L: is positive if y increases as x increases and is

negative if y decreases as x increases.

It Is given that 'x' increases at the rate of 2 units/sec
for the curve y = 5x - 2x.

=2 units/sec
y=5x -2x?
D[fferentiate v;;t x' on both sides,
a; = -6x?
Let m:%:S—ze (1)

which Is the slope of the curve.
Now, differentiate eq. (1) w.r.t. 't on both sides, we

have
dm dx
[d_m} =-12 x3 x2 = - 72 unlts/sec
dt ), .3
dx
[ ar —_=2 unlt/sec}

Hence. the slope of the curve Is decreasing at the rate
of 72 units/sec.

2. ItIs glven that length (x) Is decreasing at the rate of
5 cm/min and the width (y)Is Increasing at the rate of
4 cm/min.

TiP:

‘?‘% is positive if y increases as x (ncreases and is
X

negative if y decreases as x increases.

3. Let required point on the curve y? =B8x be (x.y)

According to the given candition,
dy dx

s s (1)
Conslder, y2 =B8x
Differentiate w.r.t. t. we get
dy Bdx
5, gy _Bdx
Yt~ ar
= 2y =8 [ g . .di‘.]
dt dt
= y =4

Puty =4iny? =Bx we get
4*sBx = x=2
Hence, required point is (2, 4).
4. Let the curved surface area of right drcular cylinder
be S at any time t.

Given; the radius 'r of a right drcular cylinder Is
Increasing uniformly at the rate of 0.3 cm/s.

Le., %-CBCH‘II‘S
and the height' h'is decreasing at the rate of 0.4 cm/s.
dh
Le., —=-04cm/s
dt
; S=2rnrh
Differentiate w.rt.'t Dl‘l both sldes, we get
dS
=2r —(rh
dS
= 't =R { e HF}

TR!CK

% is positive if y (ncreases as x increases and is

negative ify decreases as x increases.

= B =-5cm/min and Lo = 4 cm/min.
dt dt

Thus, the area (A) of a rectangle Is, A = xy

Differentiate w.r.t.' t', we get

dA_dy . dx
TTAY X

. [%]N_M_G = 8(4) + 6(~5)

=32 -30=2 cm?/min
Hence, the area Is Increasing at the rate of 2 cm?/min.

=2x (r (-0.4) + h(03)) =2x (A3 h - Q4r)

i =21 {03(7)-04(35))

d[‘]Lﬂlr 3}5:m.

w0 x% 07 = 44 cn?/s

Now, [

Hence, the rate of change of the curved surface area
of the cylinder is 4.4 cm?/s.

5. Let the volume of right clrcular cone be V at any
time t.

Glven, the radius'r of the base of a right circular cone

Is decreasing at the rate of 2 cm/min.

dr
le., — =2 cm/min.
dt /

TR!CK

d
% is positive if y increases as x increases and is

negative ify decreases as x increases.

and the helght'H'Isincreasing at the rate of 3 c/min.
dh

lLe. — =3 cm/min
dt

vV =%nr2h
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Differentiate w.rt.'t on both sides, we get
dv _ 1 2 dh dr }

_—— ( ) { +2r—xh
dt a dr dt dt

-3 L F(3)+ 2r(-2)h) = . Z (3r2 - 4rh)

dv e
NDW l: dr]ijmr_a.scm=§‘{3(35)2 —4 X3.5 XE}

-6cm)

TN
A5

= -22 x2.25 =- 49.5 cm¥/min
Hence, the volume of the cone is decreasing at the
rate of 49.5 cn/min.

. Let PQ =4mbethe helght of pole and AB =1.6 m be

the helght of man.

Let the end of shadow be R and it Is at a distance
of y metre from A when the man Is at a distance
x metre from PQ at some Instant.

Since. APQR and AABR are simllar.

We have, — Fa -FE
AB AR
= %:%ﬂ = 2X=3y
Q
E B
<
@
Pd—x—bAi—y-—bR
dx _dy
= T
(differentiating both sides w.r. t. 't)
= gmy—=g-')':--d—}':-ﬂ-z— UB::ELZ
d 3 dt 3
[- zx Dﬂmfs(glven)]
So, the rate at which the tip of his shadow moving
dx d
=[dt+dt]m/s=(l13+[12)=u5m/s

and the rate at which his shadow Is lengthening

= EY_ =02 m/s
dt

. Let the length of edge of cube be x, total surface area

S and volume Vv at any time t.

Then V=x? and 5=6x°
Glven that, d—V=9cma/s
dt
E(x3)=.g
= Dot dx
_ d« 9 3
t 3x2 X2

@-TiP:
% (s positive, if y increases as x increases and it (s

negative, if y decreases as x increases.

Now, S=6x2
ds dx
= d —=6x2x d[‘
ds 3 36
2= e e T
= ar s
[_d_S{‘ =38 _3gans
dtl vy 1D

Hence, the surface area of cube Is increasing at the
rate of 3.6 cm?/s. when length of its side Is 10 cm.

. Glven, f(x)=2x3-3x

Differentiate w.rt. x, we get
f'(x)=6x*-3

For f(x) to be strictly increasing,
f'(x)>0

1
L 6x2-3>0 = x2>5

1 1
= X e[~oo.-75)u[72-.ooJ
Given, f(x) = xe*
Differentiate both sides w.r.t. x, we get
f'(x)=xe* +e*
For f(x) to be Increasing, f'(x)20 = e*(x+1)20
=5 x+120 [-e*>0)

= x2-1

Hence, f(x)Is Increasing In the Interval (-1, «)
4x3

10. Glven,y = x* - —

3

TiP:

Practice more prablems on finding increasing/
decreasing intervals.

1.

Differentiate both sides with respect to x, we get
ﬂ:éxz' —4x* =4x%(x =1)

dx

Now, ﬂ:D = 4x?(x =)
dx

1 X=l xa=1
- - -
o 1

Since f'(x)s0V x a(-w,0)u(0.1) and f'(x)>0
v x @[l »). so f Is decreasing In (-w.1) and f Is
increasing in (1, o).

Glven, f(x) =sin x
= f'(x)=cos x
(I)xea(lil.zE = cosx>0 = f'(x)>0
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¢-TiP:

So, far each x e (D. %) fr(x)>0

Thus, f(x) is strictly increasing in [D. %)

Hence proved.
(E)Xe[g,ﬁ] = cosx<0 = f'(x)<0

So, far each x e@- .1} f'(x)<0
Thus, f(x) Is strictly decreasing in (-21'5 ﬁ).

Hence proved.

(iii) In the above parts (i) and (i), we have shown that,
The function f(xﬁ:sinx Is strictly increasing in

the interval [D.izz- and strictly decreasing In the

interval (% rc}

Therefore. function f(x) Is neither Increasing nor
decreasingintheinterval(0.x)  Hence proved.

12

T Critical points are these points in which the

derivative is zero.

Glven, f(x)=x3+x
Differentiate both sides wur.t. x, we get
fr(x)=3x?+1
For finding critical paints, put
3Ix?+1=0

= X% = -%‘ which Is not possible.

Hence, no critical polnt exIst.
13. Glven, f(x)=5+sIn2x

Differentiate w.r.t. x, we get
f'(x)=0+2cos2x

and f(x)=-4sin2x
For maxima and minima, put f'(x) =0
r. TrostoallisTrns .o
2 2

® 3x
ar X=— —

4' 4
When x = —

A

n

n K =
f[4) -fisianq 4 <0
Thus, f(x)Is maximum at x = %\

s, The maximum value Is
"

f[Z] =h +sin2 X-E- =5 +s|n%

=h41=26

In
When x =
F

f"(a—‘;] =-=45|n2 x37n=—4 x(—‘l):é >0

Thus, f(x) is minimum at x = %

~. The minimum value s
f[af]=5+sm2x34—“=5—1=4

14. Forf to be maximum, 4x2 +2x +1
Should be minimum Le.,

1P 1
4x2+2x+1=1{x+2) +(1——)

4
2
1 3
=4 |
[x+4] L
So, the minimum value of 4x2+2x+1 s %

Hence, maximum value of f =

15. Given,P(x)=72+42x - x*
Differentiate w.r.t. x, we get
P'(x)=42-2x
For maximum ar minimum profit, put P'(x) =0
L 42-2x=0 = x=21
Now P“(x)= -2
At x =21, P*(x)<0, which Is maximum.
- Maximum prafit at x = 21ls
P(21)=72+42(21)-(2))* =72 +BB2 - 441=% 513

Short Answer Type-Il Questions

1. Let the area of the circle, A = nr?
Differentiate both sides w.r.t. t,

dA dr
-I =2nr&- (])

G- TiP:

‘|"' Adequate practice on problems based on applications

of derivatives.

and the perimeter of the circle,
P=2nrr
Differentiate both sides w.r.t. t,
dP dr d 1 dP

@ T dr T Zmdt
Put the value of -g;-: In eq. (1),

_A 2-‘-r.l.d_P—r.d_P

de " 2n dt dt
& LA ]

dt r dt

But glven that, the area of any circle Is Increasing at a
uniform rate.

dA dP 1 k
el -
dt r

Hence, the increase rate of perimeter Is Inversely
proportional to radius. Hence proved.
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2. Let AB be the lamp post. B

Let at any time t. the man
MN Is x metre away from
the lamp post.

Let the shadow MC of man E N
is of length y metre.

Given, % =5 km/h
dt

2m

Clearly, trlangles ABC and £
MNC are similar.

- AB_AC
' MN — MC
= E_X+y _ X4y _4
2 y y
=5 X +y=3y
=5 2y =x
Differentiate w.r.t. t, we get
dy dx
2)(—:-—
dt dt
B LB e
- dt =2 dr "2 %22

Hence. the rate of change of length of the shadow of
man is 2.5 km/h.

3. Let Srepresents the surface area of conical funnel

Then, g5 _ 2 cm?/sec
dt

TR!CK

Bi; (s positive, if y increases as x increases and it (s

negative, ify decreases as x increases.

S=arl=n|lsl [——12
Tur T((anl) .Jf

= I = =D e
//'—.-_—_F-\

o

h |
NS

dS 2n dl d!

Whenl=4cm,
dl 1 dS§

1 1
=  — 2 =
dt 2nl dt 2 n(4) 22x

N2 cm/sec
41

Therefore, the rate of decrease of slant height Is

£ cm/sec.
4

4, Glven, f(x)=tanx - 4x

1 1- 4cos? x
f'(x) msec® -4 = —-4= .
€os* x Cos” X

TR!CK
v 1222 x6=4x3=12x1
Here we will take 4 and 3 as a factors of 12.
So, the middle term become =1 =73 = 4,

- ccnzl2 X [% - X]
(- a® -b%? =(a-b)(a + b))
=(4 secx) B— —cos x} [% +CoS x}

T T
N gL
GWXE(EI ]

3
= _—T‘:-«’_,’t{{E :DCOSX)l
3 3 2
= secx <2

= 4sec’ x >D.%—r:nsx <Dand%+ cosx >0

= (4 sec’x) [l -cos x] l:l +Cos x] <0
2 2

= f'(x)<0

Thus, for each x e(-gn- -~) f'(x) <0

Hence, f(x) Is strictly decreasing In the Interval

[-;—T(- % Hence proved.

-tk
. We have, f(x )_T——x ~5x%424x 412

Differentiate w. rt 'x' on both sides, we get
4x3

f'(X)—T-BX -10x + 24
=x? =3x% -10x + 24
2D 2P K 2R V2K A DG
=i (k=2)=x{x—2)-12(x=2)
=(x -2)(x? - x-12)

=(x-2){x? -4x +3x -12)
=(x=2){x(x-4)+3(x -4))
=(x=4)(x=2)(x+3)

TR!CKS

o Ifxy<xyinl= f(x) <f(x)) Vx1,% €l

= Strictly increasing on .

o fxy<xyinl= f(x1)>f(x), VX1, % €|

= Strictly decreasing on |.

Now, put f'(x) = 0, which gives x = -3 2 and 4.
The points x = -3 x =2 and x = 4 divides the whole

real lne into four disjoint Intervals namely,
(o0, -3).(-3.2).(2. 4)and (4. »).

AV & &) YH
EER. 2 4
Here, f'(x) >0in the Intervals (-3, 2) and (4, «)
f'(x) <0In the intervals (- w0, = 3)and (2, 4).
So, f(x)is strictly increasing in (= 3, 2) u(4, w), strictly
decreasing In (- w, = 3)U(2, 4).
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6. Given, f(x)=sin3x. x e[o. _2’5]

=  f'(x)=3cos3x
bid
Now, —
W, X E[O. 2:|

- usxs‘zi :u$3x532—“

The function f(x) will be increasing if f'(x) > 0.
Now, f'(x)20 = 3cos3x20 = cos3x 20

= [153)(5-’2‘E = DSXS%:: XE[D.%}

Therefore, f(x)is increasing in the Intemal[ﬂ. g]

The function f(x) will be decreasing if f'(x) <0.
Now, f’(x)s0 = 3cos3x<0 = cos3x <0

s I s s T T

=53 g - g5
= ZswsT o Zsxslo x|l
Therefare, f(x)Is decreasing in the interval[g, %]

. Let one part of 100 be x.

-. Other part will be (100 - x)
According to the question, let y =2x + (100 - x)*
Differentiate both sides w.r.t. x,
-Sl=2 +2(100-x)(0-1)=-198 + 2x
X
For maximum and minlmum value of y, put j—y-_' 0
X

= =198+ 2x=0 = x=%=99

&y

and =0+ 2 = posltive
dx? g

At x =99, v Is minimum.

Therefare, one part Is 99 and second part

=100-99 =1.

. Let the first number be x, then second number will be

(15 = x).
Let sum of squares of these numbers be 5(x). then
S(x)=x2%+(15 - x)?=2x% -30x + 225

=p 5'(x)=4x-30 = 5"(x)=4
For minimum or maximum of 5, put §'(x) =0
= 4x-30=0 = ><=E

and 5"[EJ =450
2

.. Local minimum polint aof S Is x=? by second

differentlal test. So, the sum of the squares of these

numbers will be minimum, when the numbers are %

15 15
dI5-==—
an ==3 ]
. Let y =x2log—
X
= y=x?log x' = - x? log x

Differentlate both sides w.r.t. x,

dy 5 1
= —[x ;+logx(2x)}

=—[x +2xlog x)

10.

For maximum or minimum value of y, put g}% =0

= —-[x+2xlogx] =0
= x(1+2log x) =0
= x =0
ar 1+ 2log, x =0

1
= lng°x=—3

.
= x=e 2

Again differentiate with respect to x.
d%y 1

==|1+2x-—+(log x)-2

— [ —+(log ) }

=—[1+2+2log x]=-(3 +2log x)
I

Put X=J]-e.=e {

1
S_iy_=_l3+2mge 5] =—[3—2-21ng2}

V]

=-[3-1) =-2 [Negative)

1
Therefare, at x = T function Is maximum.
e

Hence proved.

Let yVsXx

logy = xlog x
Differentiate both sldes with respect to x.

l.d_y=an+1-ngX

y X

dy x
or d—:y(]+log x)=x*(1+logx) ..(1)
X

Agaln, differentiate with respect to x,
d

d ( x
a:qa{x (1+ log x)}

X l i X
=X -X+(1+logx) dx(x )

mx"-(l—J+(1+Lug x) - x* (1+ log x)
= x* (1 x) + (1+ log x)?)
For maxima/minima of y, put oo 0
X

= x*(1+logx)=0
= T+logx=0

or logx=~1=-loge log[l]::ax d
e e

dy (1"
When x =1/ e, then &% = (—J -e = positive.
dx? \e
Therefore at x =1/e, v Is minimum and minimum
(])1.&3
value=|—| .
e

ERRQR »

Hence proved.

Sometimes students forget to find the second
derivative of the given function which leads to
incorrect result.
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1.

12.

13.

Lety =L&3i
%
Differentiate both sides with respect to x.
dy __ x:(/x)-(log x)-1_1-log x
dx 4 x* T x°
2
and d_z% syy= x“(=1/x) —(L—Log x)-2x
dx X
2log x -3
— _-;g—
For maxima/minima of y, puty, =0
= 1—lc;g X_o
X
or 1-logx=0 ar logx=1=loge = x=e
At x = e, the value of
2loge-3 21-3 1 ;
= = =- nepative
2 (2)3 E3 E!' [ B ]
s At x =e,y Is maximum.
loge 1
Maximum value of function = ==
e e
Let y =sinx (1+ cos x) =sin x + sin x cos x
= y:slnx+%(251nxc05x)=sinx+%—sin2x

ﬂ.—.cosx+%(c052x)-2=cnsx+c052x
X
d d
and —ZZ=— C0S X +C0S2x)=-sInx —2sIn2x
dx? dx( )

For maxima or minima of y, put % =0

= Cosx +cos2x =0
Or COSX =-C052x =C0s(x-2x)

1
Xmm-2Xx Or Ix=mn Or X=§n

When x=-;-rr,
d%y 1 2
Then the value of E{T = -sln(g rc) - 25In[§- n)
3 V3 343
_-?-Zx?_-T-negatlve

Therefore at x = %‘ the glven function Is maximum.

Hence praved.

- Maximum value,

f(%) mf-'“[%) (1 + COS %)
V3 (1 1) _W3 3

=2 \'"3)" 3 "%

Let y =sln x + cos x
d
Then, —chusx—slnx
dx
d
and =-5lnXx - COS X
dx
dy
Now, for maxima or minima, put - ae
X
= cosx-sinx=0 = slnx=cosx
sinx
=

=1 = tanx=tanZ =5 x=X
Cos x 4 4

14.

15.

4

=-—sin— —cos—
gl .

— A 5 <0
TETERTTERT
We see that at x = =, the value of d—z% Is negative.
4 dx
So.atx = % y Is @ maximum function.
Sa, put x =-Ein y = (sin x + cos x),

- Maximum value of function

=5In£+ms£= ] + L
7N R

=725= 2 Hence proved.
Here, f(x)=3x" + 4x? =12x2 +12
= f'(x)=12x3 +12x2 - 24x
= f(x)=36x%+24x -24
Far local maxima and local minima, put f*(x)=0
= 12x% +12x% - 24x =0
= 12x (x?+ x-2)=0
= 12x (x +2)(x-1) =0

=>x=0 or x=-2 or x=1
At x=0f"0)=0+0-24=-24<0
. f(x) s local maximum at x =0
and local maximum value =f(0)=0+0-0+12 =12
At x =-2,f"(-2)=36(-2)% + 24(- 2) - 24
=144 -48-24=72>0
= f(x)ls local minimum at x = - 2
and  local minimum value = f(-2)
=3(-2)% + 4(<2) =12(-2)% +12
=4B8-32-48+12=-20
At x =1, fr(1)=36 +24-24=36>0
». f(x) Is local minimum at x =1
and local minimumvalue=f()=3+4-12+12=7

Given,y =alog x + bx? + x

EZ=£+2.‘i:w+1
dx X

If the value of y Is maximum or minimum at x = =1
then

dy 4]
[E]x--lzo lLe., j+2b(—1)+1=0

or -a-=2b+1=0 (1)
If the value of y Is maximum or minimum at x =2,
then

[ﬂ] w0 e, S 1w +1wb
dx i 2

or a+8b+2=0 wik2)
Adding egs. (1) and (2), we get
Gb+3=0 = bm_gﬂ—i

Fromeq. (1) a=1-2b=1-2 x(_.;_]mz

Hence. aw=2.b=-1/2.
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Long Answer Type Questions

1. Let x be the silde and m be the median of an
equilateral triangle.

(TR!CK

The median of an equilateral triangle is \!—g x side. J

Glven, i—T =23 cm/s

-» Medlan of an equilateral triangle. m =§ X

Differentiate w.rt. t, we get

dm Jﬁdx
dt 2 dt
J3 dx dx
243 =—.— —_—=4
= NE] Br e cm/s

Hence, the rate at which the side of an equilateral
triangle Is increasing, is 4 cm/s.

2. Let a be the semi-vertical angle of conlcal tank

Then, a=tan™' =
2

1
= tang =—

Let at any time ¢, the radius be r, helght h and volume
V of conlcal water tank.

Then, V=lnr2h
3
1 r 1
Now, tanu == = —==—
W ana 5 = £=5
= Fok
2
V—lnr'zh
]
2
= V=%nx[g] xh
1 h? T i3
_-B-nx?xh—ﬁ-h

G- TiP:

I %Z is positive if y increases as x increases and s
y

negative if y decreases as x increases.

5 Qv _m oo ch_nh? o
dt 12 dt 4 " dt
dv
Glven, E =5 cubic m/min
nh* dh
L
5 de
. dh_ 20
dt  =h?
[@] 20 20 i
dtln.. rcx4: rx16 4r
5 7 35
== X — = — m/min
4 22

Hence, the rate of rising the level of water In tank Is
% m/min when the helght of water In tank Is 4 m.

3. Let the foat A of ladder AB [s at x distance from the
wall.

o]

Let the top Bof ladder Is at helght y from the ground.

Let the angle between the foot of ladder and ground
be a

Then, )<2+yz=132 and tano=2L
X
—= 2x x—+2yxﬂ=l:|
dt
Xxdy % dx
de ac 7 T dr
and (SECZG) XE='——X2———
Given, % =15m/sec

TiP:

Adequate practice is required in problems involving
rate of change of bodies.

L 2xx1B+ 2y x%{_—:D

X xgz-yﬂﬁ

ae dt
and (sec?0) x — =
( )xdr ~
= dy _-3x
dt 2y
dy 3y
deé Xth—
and (sec20) x — =—dt__ 2
( )th X2
w3 _3y

de *" 32y 2

2
= (seC’l) x — = —=——
( )xdt X

de _ -3 (x%+y?)

~ dt ~ 2x% sec’®
TR!CK
1+ tan? O = sec2 @ J
= de_ -3(x*+y?)
dt  2x%y (1+ tan’ 6)
[ tan0 = Z]
X
a6 _-3 ~3 2. 3wl
= —=—= (x2+y?=139)
dt "2y 2 J37- 2
[ @} -3 -3 -3
dt iz 24132122 24169-144 2J25
-3

- - _—3 radlan/sec
2x5 10

Hence, the angle between ladder and ground Is
decreasing at the rate of % radlan/sec when the foot

of ladder Is 12 m away from the wallL
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G- TiP:

Apply product rule to find the derivative of fix) and
then factorise it.

T

g

common] ERR(DR »
Some students expand the polynomial before finding
the derivative which is not the actual method.

Given, f(x)=(x-1)*(x -2)?
fr(x) =(x =1 2(x =2) + (x =2)*-3(x =)’
(x =% (x-2)(2x -2 +3x -6)
=(x -1)%(x -2)(5x - 8)
The function f(x) will be strictly increasing if f*(x) >0
Now, f'(x)>0 = (x -1)?(x -2)(5x-8)>0
= (x-2)(5x-B)>0 and x =1

= [X<gorx>2 and x=1

= xe(—aaj)u],%) or xe(2 )

1,2)\)(2::0)

+ - +

ot N
L g
2 = 9]

= xe(-m)u

— —,

&
-

—00

u|oo ©

Therefore, In the interval (-, 1) U [1. g) u(2, »), f(x)

Is strictly increasing.

The function f(x) will be strictly decreasing if
f'(x)<0.

Now, f(x)<0 = (x=-1?(x-2)(5x -8)<0

= (x=2)(5x -=8) <0 and x =1

=5 §<x<2andx¢1

= xea(8/52) and x+1 = xe(B8/52)
£ - +

). =
i Cal
2 e ]

I
8
uv|Q

Therefore, in the interval (8/5, 2), f(x) Is strictly
decreasing.

TR!CK

inA-cos B=cos A-sin B=sin (A= B) J

5. Glven, f(x)=sinx +cosx,0< x £2n

f'(x)=cosx -sinx = J—[ cosx - %sin]
= Ji[sln D cosk—cos— 2ln x]
4 4

el oo

The function f(x)will be strictly increasing if f'(x) > 0.

Now, f)>0 = = Zsln[x—%}:»tl

= sln[x —£]<CI
4

T T
= <xX-—x<2 or x——<0
T 5 <" 4
= n+Zex<2r+Z or x-Z<0
4 4 4
Br 9n i
= <X<— Or X<—
4 4
= 5“<x52x or x <=
4 4
= Ei<x$2rc
4
ar 0<x <% - xe[0. 2n)

y oo

Therefore, f(x) is strictly increasing in the interval

0352}

The function f(x ) will be strictly decreasing if f(x) <O

Now, f'(x) <0
= —ﬁ-sin[x—g]«cﬂ
| -—|>0
= snl:x 4]>
= O<x—£<n
4
= D+E<x<n+£
4 4
=8 —<x<5—It
4 4
- w([222)
44

Therefore, f(x) Is strictly decreasing In the Interval

53

. Let the sum of two numbers x and y be glven l.e., K.

lLe., X+y=K sill)
Let the product of these numbers be P.
lLe., Xy =P
= P=x(K-x) (fromeq. (1))
= P =Kx - x?
Differentate with respect to x.

d—P_K 2x and d’p =-2<0

dx dx2
Now, far the maximum ar minimum value of P,
put d—P =0

dx
= Bedusll = xe g

d*P
Now {Eﬁ] i =-2<0
=1

K K K
Put x = =i AN = =K ==
ut x 2neq()2+y B yus

Therefare, each number e, x and y Is half of the
sumK. Hence proved.
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. Let u=xy?=x(10-x)?

7. Let first number be x, then second number will be

5-x.
Let sum of cubes of these numbers be 5(x). Then.
5(x)=x?+(5-x)?

=4 5(x)=x3+5%—x? - 75x +15x*
= 5(x)=15x% -75x + 125
= S'(x)=30x-75
= 5%(x)=30
For least value put,5'(x) =0
— 30x-75=0
75 5
=
30 2
Atx:é
2
5%x)=30>0

Local minimum paint of Sis x = =

So, the sum of cubes of these numbers will be least

5 5

when the numbers are E and [5 ——) Le., =
2 2 2

. The sum of the squares of these numbers Is

[5]2 (5)2 25 25
-] 4| =] =— —
2 2 4 4

"
R
. Glven,2x +y =1
= y=1-2x (1)
Let U= xly *f-2z%) (fromeq.(1))
=5 u=x?-2x3 s:(2)
Then, 94 —2x -6x2 and -@_2-12)(
dx dx?
For maximum or minimum of u, put g_x =0
= 2x -6x%*=0
= 2x(1-3x)=0
=0, =

= X 3

d“u 1

£3 =2-12|=|=2-4=-2<0

[dx ]{ _1] [3] )
x-3

We see that at x = % the value of j—zuf Is negative.
X

At x = % u l.e, glven function Is maximum.

So, from eq. (2).
Maximum value of functlon

2 3
CRCR S
3 3) 9 3
1
27
(o x +y =10(given))
= x (100 + x? -=20x) = x? -20x% +100x ...(1)

Then, du _3,2 _40x 4+ 100
dx
2

and ﬂ=:6><—f5|D
dx?

T

Now, for maximum or minimum value of u, put
9 _0 = 3x?-40x+100=0
dx

TR!CK

3 x 100 =300

- 300=30x10=60x5=15x20=...

. Here we will take 30 and 10 as a factors of 300.
So, the middle term become — 40 == 30 - 10

10.

- TP
The distance between the points (xy, y,) and (x, y,) s,
d=

3x? -30x -10x +100=0

=

= 3x(x-10)-10(x -10)=0

% (x -10) (3x —10) =0

= x =10, r
3

dul 6,10 _4g
dx? .o 3
3

=20-40=-20<0
10 d’u
We see that at x = 3 the value de—j Is negative.
x

“Atx = g ul.e., given function Is maximum.

Therefore from eq. (1),
Maximum value of the function

(9 (2] o
ey

_ 1000 i 4000
3 9 27
If Ls the distance from (2, 1) of any paint (x, y) on the
curve y? = 4x.

Vo =x)2+(y2—y1)? .

Then, [= J(x ~2)% 4 (y -1
If the point (x, y) lies on the curve y? = 4x, then

=
= {2=(V_2_ ]2+(y—1)2=u (say)
4

Now, [Is maximum or minimum according as (*l.e.,u
Is maximum or minimum.

&[5

du
For a maximum or minimum of u, put T 0

: 2[2:-_2] (2%]+2(y_1)x1=0

3

= VT-zy+2y_2mo
= yl=8=(2)
. y=2
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1.

du d(y? ] 3y
Now, — =5
dy* dy [ "l

Aty =2. %:%(z)z—-w =3>0

Therefore, u is minimum and hence [ Is minimum
wheny =2

Now, putting the value of y In the equation of the
curve, we get

2 4
4 4
Therefare, the required point Is (1, 2).

X = 1

For each value of x, the helicopter's position is at
point (x, x? + 7). Therefore, the distance between the
helicopter and the soldier placed at (3. 7)

=y(x =32+ (x?+7-7)°

TR!CK

Distance between two points (xy, y;) and (x, y,) is,
d= V06 =x1)2 + (2= 1)’

=4f(x =3)% + x°
Let  f(x)=(x-3)%+x*
= f'(x)=2(x-3)+4x3
=2(x =1 (2x%+2x +3)
For maximum or minimum distance,
fr(x)=2(x =1)(2x* +2x +3) =0

= X=1
(- 2x2 + 2x + 3 =0 does not give any real root)

At this value, the value of f Is
FO)=(1-32+(1)*=4+1=5
Thus, the distance between the soldler and the

helicopter = Jf(l) = /5

Note that +/5 Is either a maximum value or minimum
value, since

[f@) =0-3)+(0)* =3>+5
It follows that /5 Is minimum value of ,[f(xi.

Hence, the minimum distance between the soldier
and the helicopter Is +/5.

12.

o Surfacearea of cuboid=2(l-b+b-h+h-).

~TR!CKS \

® olume of cuboid = [- b+ h. But when its base is

square, then volume = [. [ . h = *h [+ (= b]

Butwhen its base is square, then surface area
=2(l:[+l-h+hl)
=2(1%+2lh) [ [=b)

Let x be the slde of square base of cubold and other

slde be y.

Then the volume of a cubold with square base.
Vax:x:y= x:’y

13.

As the volume of the cubold Is given. So, volume Is
taken constant throughout the question, therefore
v
= ]
y = V)
Let S be the surface area of cubaid. then
S=2(x-x+X-y+y-x)

=2(x? +2xy)
= S5=2x%+ 4xy (2)
= S=2x2+4x[—vi) (fromeq. (1))
X
= oty 2 (3)
X
Now, differentiate wrt. x on both sides;
ds 4V
iy s A4
= X Z (4)

For maximum/minimum value of S, put. %: 0

= éx—f}—g—: V=x3 ..(5)
%

3
PuttingV = x? In eq. (1), we get y =-)£}- =X
X

Here, y=x = cuboldis a cube.
Now, differentiate eq. (4) w.r.t. x. we have
2
ﬁ 4,8
dx? x3
2 3
= jgﬁ.f-wrax; =B8+4=12>0

[-wheny = x.V = x?)
Hence, surface area Is minimum when given cubald Is
a cube. Hence proved.

Let h be the helght and r be the radius of base of the
cylinder.

If the total surface Is Sand volume Is V of the cylinder.
then

S=2nr® + 2nrh (1)
and V=nrrth (2)

2

FrDm Eq' (])‘ h = Lﬂ)
2ar

Put this value of h in eq. (2).

2
V= rr? {%}: % (Sr = 2rr?)

Differentiate w.rt. r, we get
dVv
dr

For maximum ar minimum of V, put c;_v =0.
r

1 5 d*v
= - S-—E d =-‘6
2( nre) an - nr

= S=6nrr?

S
or ra,f—
6n
When rm.J 2 thenﬂ=_.f6n5 = - Ve,
6r dr?

.V Is maximum.
Fram eq. (1),
6rr? =2rr? + 2nrh or 2rnrh = 4nr?
orh =2ror helght =dlameter of base Hence proved.
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14. Let the radius of base be OC =r and helght be OA=h

15.

of the cone. Let the radius of circular base of cylinder
inscribed in the cone be OE = x and height = QE.

o sl E 0..:_ C
o —
- X >
-+ AQEC ~ AAOC
G _EC
0A OC
= h ™ r
= DE=h(r—x)
r

Let the curved surface of cylinder be 5, then

5=5(X)=2F{Xh (F—X) =2nh (r}( _ X2)
r r
Now, S'(x)=@(r——2x)
r
and 5%(x) = 3§ﬁ (-2)= =220

For maximum or minimum value of S, put 5'(x) =0

E(F—ZX)z[J :>X=£
r 2

- 4rh <0

and (S(x)) .=

2

2. X = =Is the maximum polint of 5.

N|=

Hence, the radius of cylnder of maximum curved
surface area Inscribed in a cone Is half of the radius of

the cone. Hence proved.
Let h be the helght. { slant helght and r radius of the
conical tent, then its volume (V) = % nreh (1)
and curved surface (S) = nrl -(2)
B
AC

In ABQOC, P=h?+r? or [=\}h2 ¥
From eq. (2),

Sanr \Ih"‘ #r
or St enri(h?+r¥)=U (say)

16.

Q- TiP:

"'r' Angle in a semi-circle is a right angle.

2
U = n?r? [(1';—] + r2:| = grzL2+ 2t

nr
v
gl i A1), h=
[ rom eq. (1) F]

2
Now, -ddﬂ =9V2 [— —2—] + 4]‘{2r3 =—1EV B L]ﬂzr‘a

r r3 '
and git-z"- =-18v? (2?-] + 4m2-(3r%)
dr r
=%Vj +12r7r?
For maximum ar minlmum of U,
Put %%:0 = 432r3=%-{i or 18V? = 4x%®

or '|./2=§rt2rE or V:-;—\E-Tﬂj

A 2
- —=Is positive at V = == nr3,
dr? P 3 "
. U =5?%Is minimum

Therefore, S Is minimum, when V = %Ji-mra

Le., %nr%:%ﬁmra

Le., h=+2 ror helght = V2 x radius of base

Hence, the canvas used in the tent will be minimum

when its helght Is 4/2 times the radius of the base.
Hence proved.

Given that, AB Is the diameter of a circle and C Is any
point on the circle.
c

-

ps
Oero
[s=]

Let AB =2r

Now, |oln AC and BC.

S0, AABC Is aright angled triangle.
Let AC=x and BC=y

Now, in right AACE,
AB? = AC? + BC? (by Pythagoras thearem)
= @)P=x?+yisyi=b4r?-x? will)

TR!CK

In a right-angled triangle, the square of the
hypotenuse side is equal to the sum of squares of the
other two sldes.
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17.

and area of AACB= A = % AC xBC

[‘_-area of triangle =-;— x base xhelght}

1
= A:—
ny

On squaring both sides, we get

A2 = % x2y2? = %xz (4r —=x2)  [fromeq.(1))

Let S=A? =%(4x2r2 -x*) -2

Here. A? Is maximum or minimum according to S is
maximum or minimum.
Now, differentiate eq. (2) w.r.t. x on baoth sides,

For maximum or minimum of 5, put SX—S =0

= %(erz—fnra):l]

= 4x(2r* = x?)=0

x*=2r?

= X:ﬁl’

Put the value of x In eg. (1), we get
y?=4r? - (2r?)=2r?

= y:-Jif'

l'.Q.. Xsy-_-"\/ir

8% 12 5
Now, d—xz-_z(ﬂr -12x%)

[ x=0)

dzs]
=—(8r2 =12 x2r%)
E= .

(8r? - 24r?)

x=16r® =-4r* <0

Bl=p]= =

So, area Is maximum, when x =y = [2rl.e., the area
of trlangle ABC Is maximum, when it Is an Isosceles

triangle. Hence proved.
Let the length, breadth and helght of the metal box be
x cm, x cm and y cm respectively.

It s glven that the box can contain 1024 cm?.

1024 = x2%y
1024
= V= 5 (1)
X
TR!CK

Volume of cuboid=1-b-h

When the base of the cuboid is square, then its
volume =[«l+h [= [=b)

Let C be the cost In rupees of the materlal used to

construct.

Then,C =5 x(2 xx xx) + 25 x(2 x x xy)
+25x(2xxxV)

C=10x%+ Bxy + 5xy

=
= C=10x% + 10xy

= € =10x? +10x 10224] (fromeq. (1))
X
= C=10x%+ @ <2}
TR!CK

Surface area of cuboid =2(l-b+b-h + h-[)
But when the base of the cuboid (s square, then its

surfacearea=2 ([-[+[-h+ h 1)

[- I=5]

18.

Now, differentiate wr.t. 'x on both sides, we have

dC 10240

=2 e

dx S

: dc

For maxima or minima of C, put - =0
= ZDX—%LEﬂ]
=N x?=512=(8) > x=8

d’c 20480
Agaln -d—x-'i:ZU + )(3

2
= [_d_%} _20, 20480, , 20480
dx” f(at x -8) (8) 512

=20+ 40=60>0
Thus, the cost of the box Is least when x =B cm.
Put x =81n eq. (1), we get
*_—Eﬂ = @ =16
(8)° 64
So, dimenslons of the box are x, x, y or B cm, 8 cm,
16 cm.

Put x =81n eq. (2), we get
C=10(8)% +

=10 x64 + 1280

10240
8

=640 + 1280 =1920
Hence, the least cost of the box Is ¥ 1920.

Let r be the radius and h be the helght of the cane of
glven slant helght ( (constant).

Then

=

Let volume of cane be V.
1

Then, V= 3 nrh
1 2 _p2
or V=--3—r|:(l -h?)h (fromeq. (1))
or V=dr(h-h?)
3
Differentiate both sides with respect to h,
C'V 1 2 2
—=—n(l“-3h
e )

b e e e e e e e e e e e e e e e —— e — — — —

Get More Learning Materials Here : &

@ www.studentbro.in



ERRQDR

Most of the students attempt this question incorrectly.
Some students could not express volume of the cone
as a function in mathematical form.

Again differentiate with respect to h.

dv 1
E}'—gu(D—Sh)——ZKh
: . dv
Now, for maximum or minimum of V; put -+ 0
= %K(F_ahz):n
= ?-3h%=
= 1> =3h°
[2
= h2=-—-
3
= h=+ i
N
-l
but h = —= Is not possible as
5 P
helght cannot be negative
[ dV ( 2al
o Aths=—/m —=-21 i
V5 dh? "BTTH
Weseethatath = L the value of Q Is negative, so
B dh
l
Vs maximum ath = —
NE)
l 5. a8 F 3 W2
Puth=—<ineq.()ri=l-—=—=r=—1
& el 373 B

If the semi-vertical angle of cone Is & then In right
ABOC,

Wz
tan9=£=£=u§ X-J—§=J§
h L 3
B
or g=tan~'V2

Hence, the semi-vertical angle of cone of maximum
volume and glven slant helght Is tan=! /2.
Hence proved.

.

A

L

19. Let ABC be the rlght angled

triangle with BC = x, AC =V such
that )

X+y=k (1)

where, k Is any constant. C 0 B

Let 0 be the angle between the X

base and the hypotenuse.

rea of triangle = % x base x height

TRICK J

Let A be the area of the triangle.
A:%xBC x AB -(2)

TR!CK

In a right-angled triangle, the square of the
hypotenuse side is equal to the sum of squares of the
other two sides.

Now, in right AABC,
AC? =BC? + AB*  [byPythagoras theorem)

= yi=x?+ AB? = AB:,fyz—x2

From eg. (2), we get

=-i]->cx x-\}yz—xz

2_X2 2 2
= A —T(y —X)
5 A2=%x2 {(k=x)?=x?) [fromeq.(1)
2
= A2=xj(k2+x2—2kx—x2)

A2 —"—z(k2 — 2kx)
T4
X2 2
Let 5=A* =z—(k - 2kx) «(3)

Here A is maximum or minimum according to S Is
maximum or minimum.

5:% (kPx? - 2k

Differentiate w.rt. x, we get

dS 1 2 2
— =—(2k“x -6k 4
- (@ -6ke?) (@
Now.forrnaxlmurnnrminlmumnfS:put%=EI
%}-(Zkzx-skxz)ﬂj
= 2kx (k-3x)=0
i k-3x=0 (-x 20 k=0)
k
= :g

Agaln differentlate eq. (4) w.r.t. x, we get

d*s 1,3
— = 2k* =12kx
dx< 4 ( )

So, S as well as A Is maximum when x =-§
Put the value of x In eq. (1), we get

E-«- ek = y 2k

3 3

Now, In right AABC,

coso 8Ll
AC vy
k/3 1
OE_E—EI 60“
= cos STTERD cos
= 0=60° or Bm% Hence proved.
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20. Let O’ be the centre of the sphere. then
OA=0C=r

Let h be the height of cone ABC.
.. OA=hthen00' =h-r

TR!CK

In a right-angled triangle, the square of the
hypotenuse side is equal to the sum of squares of the
other two sides.

In right angled AD'OC
0C =+0'C*- 00"* [byPythagoras theorem)
= Jrz -(h-r?= JErh i
If V' Is the volume of cone, then

_Loppl 2,
=37R% =3 (00)*-0A

=L n(arh = h?) .k = L n(zrn? — p?)
3 3
Differentiate w.r.t. h,
dav 1
— = —nl4rh - 3h*
= "3 )
dayv 1
and W:-S-K(llr-ﬁh)
For maximum or minimum of V,
av 1 2 4
Put —=0 = -n(4rh-3h?)=0 = h==r
dh 3 3
4 dav 4
When h = —r, then = - —nr (negative
3 g7 = 5 egatie)

Then volume V of the cone will be maximum when
=—T.

h

r

Thus, the ratlo of the helght of cone and radius of
spherelsh:r=4:3.

Hence, it can be seen that the altitude of the right
clrcular cone of maximum volume that can be

Inscribed in a sphere of radlusrls % Hence proved.

le.,

.
3

9 3 81

G- TiP:

21. Suppose the wire Is cut into two pleces of length x
and y meters respectively.
Sa. X+y=34 (1)
Perimeter of square = 4 x (Side)
= Length of the first plece

= 4 x (Side) = x

T Obtaining the result in the required form needs
T simplification, cross-multiplication, substitution etc.

Side =X
B A

A
So. Area of square = (Side)? = (—) ==
4 16
and perimeter of rectangle =2 x (Length + Breadth)
= Length of the second plece
= 2 (Length + Breadth) =y
= 2(2 xBreadth + Breadth) = y
[ length=2 xbreadth]

= 3 xBreadth =%

Breadth =}é

So. Area of rectangle = Length x Breadth
=2 xBreadth xBreadth

TV
6 6 18

Let combined area (A) = Area of square
+ Area of rectangle

(fromeq. (1))
Differentiate w.r.t.'x, we get

d_A=2_x+2(3£i—x) x(_])zi_(%ux)
dx 16 18 B 9
_9x-272+8Bx 1Ix-272
- 72 12
For maxima or minima of A, put
dA 0 = ]7)(—272_EI
dx 2
= X :Q:]E
17
From eq. (1), we get
16+y=34
= y=34-16=18
d’A 1
Now, — = x17 >0
ow dxz 75 % >

Hence, A is minimum when x =16 and y = 1B.

So, the wire should be cut Into two pleces of length
16 mand 18 m.

ERRQDR

The required sum of areas of the two parts has to be
expressed correctly in terms of a single variable.
Sometimes students fail to do this.
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22. Let length of rectangle be x and breadth of rectangle For maximum or minimum of A, put z_A=D
X

bey.
F fi :
ram gure i E—X—H—=D
Diameter of semi-circle = Length of rectangle = x
=5 ® (1 + E] =5
4
20
= X =
n+ 4
Agaln differentiate w.r.t x on both sides.
2
..d_A S |
dx? 4
; _X 2
~. Radius of rectangle (r) = 5 i AbRe2D | d ,;t ~0
T4+ 4 dx
TiP b So, A s maximum when x = 20 ;
) ) _ T+ 4
Give ample practice to the problems based on maxima
and minima. From eq. (1), we get
y=5- 20 ®=+2 _ 5r+10
Glven, perimeter of window =10m t+4 4 e+ 4
5r+20-5r=-10 10

- Length of rectangle + 2 xBreadth of rectangle =

4 x4+ 4
+ Clrcumference of semi-circle =10 o .

g X+2y+nr=10 Hence, the dimenslons of the window to admit

X maximum light through the whole opening are
= X+2y+i(—=][] 20 10
2 m and

m.

J 23. Let!l, band hbe the length. breadth and helght of the

Circumference of semi-circle radius,
ungfen f ki ) tank respectively.

e Area of semi-circle = % x (radius)?

Get More Learning Materials Here : &

= /Ci==u:'c',ur+%r:r2

2
= A=xy+lrr(£]
2 \2

2 2 2
= Al el B o K-
2 4 8
2 2
- Ol
2 a8
Differentiate w.r.t. x on both sides,
dA 2x 2nx X
— i empem e B N S
dx 2 8 4

= 2y=10-x-% TR!CK
T Volume of cuboid = [- b+ h ]
=K y=5-x(—+—) 1)
Z 4 Given, helght (depth) of the tank (h) =2 m
We need to maximize area of windaw. anitl vl s e tank e B md
Area of window = Area of rectangle
[xbxh=8B
+ Area of semi-circle ExbixSiaB
= X KL=
TR!CKS
— l!b = 4
e Area of rectangle = length x breadth - - 0

[

Also, area of the base = (b =1 x? =4,

and area of the four sldes =21+ 2b+ 21+ 2b
= &4l + 4b = 4(L+ b)

ItIs given that, the cost of construction on base Is ¥ 70
per sq. metre and for slde Is ¥ 45 per sq. metre.

So, cost of construction, C =% (70 xLb + 45 x4(l + b))
=2 (70lb+180((+ b)) ...(2)
On putting the value of bin eq, (2) from eq. (1) we get

C=70 le-]BD(H-?]

=2BU+1BD(E+-‘;1] -(3)

On differentiating w.r.t. x, we get

dc 4 =4
LTS -1 fy s (O T-T,
dl ( FJ [ 12 ]

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|\’TR!CK n+ 4 T+ 4 :
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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24,

G-TiP:
TExptain exhaustively the concept of maxima and

minima and its application. Give practice in problems
based on maxima and minima.

For least expensive, put o 0

dl
B 5
= 1BD [2 =G = ! =£I- = I=:I:2

%changes slgn from negative to positive at =2

- Clsminimum atl=2.
[-length of the tank cannot be negative,

so,[=-2 Is not consider]

T o N s S
(=3

Thus, tank Is a cube of side 2 m.

Least cost of construction =% [28[] +1EICI(2 + %]:‘

=%¥(280+ 720)
=¥1000 (fromeq. (3))
Let S be the total surface area of c

the glven cone with radius r,
helght h and slant helght L

Then. 5 = nir? + rorl

or mrl=S-nr?

2

S—ar
ar
Let V be the volume of cone.

ar =

Then, v =% nreh

or vioLlozepz o Loz 22
9 9
[ Inright ABOC, 2 = h? + r?)

nr

sl
or v? =%n2r" {{S- B } —r2] (from eq. (1))

2 i il 2Y . o Zel
& V2=%n2rﬁ ><(S + ner 112ZFZSr) er
or V2 =%r2 (5? - 2r5r?) =§(5r2 ~2nrt)

Let u=V? =§(5r2-2m-“)

du S
Th —_—==
en ar 9

du S 5
and ==(25-24
peaael wr)

(25r —8nr?)

For maximum ar minimum value of u, put %L-j- =0
r

S

= —9-(25r—8rtr3)=D
= 25r-Brr? =0
= 2r(S-4nr?)=0
= S =4nr? (-r=0]
= 4rr® =5
= F2=-£—
4w
=
LAt = —
rl 47
du S S
e=|25 =24 xm
5252
S 5 - 452
==(25-65) == (- 45)=—"
2 (25-65)=2 (- 45) =5
2
We see that at r* = i the value of d—g—j Is negative.
4n dr
s At a2l e..VZl.e.Vls maximum

14

Putr? = %L e.S=4nr?ineq. (1),

4ur? —wr?  3nr?
[= = =3r
wr nr

If the semi-vertical angle of cone Is 6 then In right
ABOC:

0B r r 1
snf=—=-=—=-
BC [ 3r 3
or {3:==5.In"l
3

Hence, the volume of cone with glven total surface
area will be maximum, if its semi-vertical angle Is

sin”! l

3 Hence proved.

& Chapter Test

Multiple Choice Questions

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

Q1. Moving along the X-axis, there are two points

with x =10+ 6t, x =3 + t 2. The speed with which
they are reaching from each other at the time of
encounter is: (x isin cm and t is in seconds)

a. 16 cm/s b. 20 cm/s

c.8cm/s d. 12 cm/s

0 2. The interval in which the function

y= %> £ 5%T =118 decreasing, is:
a. (Cl. E]
3
=10
C. (?. D]

b. (0. 10)

d. Nane of these
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Assertion and Reason Type Questions

Directions (Q. Nos. 3-4): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 chaices (a), (b), (c) and (d) out of which only one is
correct. The chaoices are:

a. Both Assertion (A) and Reason (R) are true and
Reason (R) is the correct explanation for
Assertian (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (I? is not the correct explanation of
Assertion (A)

c. Assertion (A) Is true but Reason (R) is false

d. Assertion (A) Is false but Reason (R) Is true

Q3. Assertion (A): y= £ ¥ is an increasing
function on [0, =).
ex _e—x

Reason (R): y = is an increasing function

on (= oo, ™).
Q 4. Assertion (A): If manufacturer can sell x items ata

price of ?(5 - ﬁ)each. The cost price of x items

is ? (-’Si +500) . Then, the number of items he

should sell to earn maximum profit is 240 items.

Reason (R): The profit for selling x items is given
2
by 23— X a0
5 100

Case Study Based Questions

Q6. Case Study 1
Shreya got a rectangular parallelopiped shaped
box and spherical ball inside it as return gift.

Sides of the box are x,2x and x / 3, while radius
of the ball is ».

Based on the above information, solve the
Jollowing questions:

(i) If S represents the sum of volume of
parallelopiped and sphere, then find the
expression of S.

(ii) If sum of the surface area of box and ball are
given to be constant k2, then find the value
of x.

(iii) Find the radius of the ball in terms of x, when
S is minimum.

Or
Find the minimum value of S.

Q 6. Case Study 2
During rainy season, a lot of water is wasted. To
prevent it, village Panchayat decides to dug out a
square tank of capacity 1000 cubic metres. The

cost of land is ¥ 100 per m?. The cost of digging

increases with the depth and for the whole tank,

it is (3200 x h? ), where /i metres is the depth of
the tank.

e

Based on the above information, solve the
Jollowing questions:
(i) Find the total cost of the land in terms of A.
(ii) Village panchayat wants minimum cost for
making tank, then find the value of h.
(iii) For minimum cost, find the value of x.
Or
Find the cost of digging for the whole tank.

b y

Very Short Answer Type Questions

Q7. The function fdefined by f(x)=4x" =2x + 1, for
what value of x function f(x) should be
increasing?

QB. Find the maximum value of the function
f(x)=3x%+6x +8 x eR.

Short Answer Type-l Questions

Q9. Find the value of b for which the function
f(x)=sinx = bx +c, is decreasing for x € R.

Q10. The radius of a cylinder is increasing at the rate of
3 m/s and its height is decreasing at the rate of
4 m/s. Find the rate of change of volume when
radius is 4 m and height is 6 m.

Short Answer Type-Il Questions

Q 11. Prove that the function given by f(x)=x? =x + 1
is neither increasing nor decreasing in (-1, 1).

0 12. Find two numbers whose sum is 6 and the sum of
whose cubes is minimum.

Long Answer Type Questions

Q13. Prove that among all the rectangles inscribed in a
circle, the area of square is maximum.

Q14. Anopen tank with a square base and vertical sides
is to be constructed from a metal sheet so as to
hold a given quantity of water. Show that the cost
of material will be least when depth of the tank is
half of its width. If the cost is to be borne by near
by settled lower income families, for whom water
will be provided?
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